
LETTER FROM THE EDITOR

This is my 13th issue as Editor of Mathematics Magazine. That means I am officially
halfway through my term of service, and I can think of no better way of marking
the occasion than with the bumper crop of mathematical magnificence in this month’s
issue.

Sergei Koshkin and Isaiah Meyers get us started with a fascinating survey of oscil-
latory behavior in biology. They open with the classic Lotka–Volterra equations for
modelling predator–prey interactions. In the model, the long-term population size of
both predator and prey oscillates in a manner reminiscent of simple harmonic motion
in physics. From this starting point, Koshkin and Meyers take us on a tour of virus
dynamics, epidemiology, and plant dynamics, noting that each can be modeled via a
“damped” version of the Lotka–Volterra model. Along the way, they introduce read-
ers to several modern tools of mathematical modeling, especially the use of Lyapunov
functions.

From there we move on to differential geometry. Kyle Celano, Vincent Coll, and
Jeff Dodd investigate the geodesics on a torus. In their pithy definition, geodesics are
curves that curve only because they must, meaning that they curve because the surface
on which they reside is itself curved. Working out the geodesics on a given surface is
a perennial problem in differential geometry. It is also frequently a very difficult prob-
lem, even for seemingly simple surfaces. As a result, this beautiful material is often
found only in graduate-level textbooks and journal articles, where it is inaccessible to
beginning students. Celano, Coll, and Dodd rectify that situation with a wonderfully
readable presentation of this important topic.

The next two articles are for those who prefer discrete mathematics. Scott Andrew
Herman investigates the game of Red-Blue Cherries, which has received considerable
attention in the combinatorial game theory community. The game is played on a 2-
colored graph, and involves players alternating turns by removing vertices of one or
the other color. Herman greatly advances the theory of this game by constructing novel
starting positions exhibiting various sorts of combinatorial behavior. Along the way he
presents a very lucid introduction to this fascinating branch of mathematics.

Red-Blue Cherries might have been new to you, but I’m sure you’re familiar with
Yahtzee. Kathryn Kelly and Jeffrey Liese investigate optimal play in the game’s soli-
taire version. Their novel approach makes it possible to compute precise probabilities
and expectations of the optimal player’s score, and this is an improvement over previ-
ous work, which involved numerical approximations.

It’s back to physics for our final article. The catenary curve, formed by a chain
mounted at its ends under its own weight, is a standard topic for a calculus class. It
is well known that the curve is modeled by the hyperbolic cosine function. Subhranil
De investigates the double catenary, which is formed by a circular chain mounted at
two points under its own weight. The resulting analysis is a satisfying combination of
multivariable calculus and physics.

As always, we close out the issue with Proofs Without Words, Problems, and
Reviews.

Jason Rosenhouse, Editor
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In the early 1920s, Lotka studied a system of two nonlinear differential equations
for oscillating concentrations in a chemical reaction [12]. In 1926, Volterra used the
same system to explain the rise in predatory fish populations in the Adriatic sea during
World War I [16]. The Lotka-Volterra predator-prey model, as it came to be known,
became a paradigmatic example of oscillatory behavior in biology, just as the harmonic
oscillator is in physics. In 1927, Kermack and McKendrick applied a special case of it,
now called the SIR model, to the spread of infection during epidemics [11]. Here the
“predators” were infectious individuals, and those susceptible to the infection were the
“prey.” Already in 1929, Soper needed a variation of it, with the inclusion of the natural
birth rates of the susceptible population, to model measles epidemics in London [13].
Further variations and extensions of the Lotka-Volterra model are found in many other
biological situations and are generically called predator-prey models [1, 3, 5, 8, 9].

We will study one model of this class that is especially closely related to the original.
We call it the “damped” predator-prey model:⎧⎨

⎩
dx

dt
= δ − αx − βxy

dy

dt
= γ xy − σy.

(1)

When β = γ and δ = 0, this is the classical Lotka-Volterra model, and when also
α = 0, it becomes the SIR model. In Soper’s model, α = 0, but δ > 0. Although
system (1) has been extensively studied, its connection to the Lotka-Volterra model
seems to have escaped attention. We will be able to characterize its behavior in detail
by exploiting just this connection. The system, and its extensions, exhibit interest-
ing dynamics that will allow us to introduce and use advanced modeling concepts
and tools, such as phase portraits, invariant sets, first integrals, separatrices, trapping
regions, omega-limit sets, domains of attraction, and bifurcations. But the main tool,
exploited throughout the paper, will be Lyapunov functions that allow us to prove the
global stability of solutions to the system, and even to obtain some estimates on them.
Lyapunov functions are generalizations of energy functions in physics. We will show
that for positive parameters system (1) behaves somewhat like a damped harmonic
oscillator, an oscillator whose amplitudes decrease due to loss of energy. After a gen-
eral analysis of the system and its study by means of Lyapunov functions, we will look
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closely at some of its many applications. First, we will relate it to the classical Lotka-
Volterra model and trace its bifurcation from damped oscillations to predator extinc-
tion. Then we will look at a basic model of virus dynamics [3], where the “predators”
are virus-producing cells, and the “prey” are cells susceptible to the infection, and its
modification that led to considering β �= γ . Finally, in a more unexpected incarnation
reminiscent of Lotka’s, we derive (1) from a simple model of plant growth dynamics,
where x and y are concentrations of a nutrient and a growth hormone, respectively.
The model itself is an interesting 3-dimensional extension of (1).

We feel that the “damped” predator-prey model makes for an excellent guided
exploration project in a mathematical modeling or differential equations course. Its
analysis helps introduce many techniques that are not typically seen in standard
examples, and it can be easily modified to model more complicated behavior where
these techniques are indispensable. Some variations, including models with limit
cycles [8], 3-dimensional extensions of the virus dynamics model [3], and plant
growth models that make different simplifying assumptions about water transport [2],
can be used as a basis for student research projects.

Equilibria and invariant regions

The first step when dealing with a system of differential equations like (1) is to find
its equilibria, which are solutions that do not change with time. This means dx/dt =
dy/dt = 0. We find two of them: (δ/α, 0) and (σ/γ, a/β), where a := (γ δ/σ ) − α.
In addition to assuming that all parameters of the system are positive, we shall also
assume for now that γ δ > σα. This makes a > 0, and both equilibria are in the first
quadrant. To get an idea of the overall behavior of the trajectories, i.e., of the flow, it
is instructive to plot the right-hand side of (1) as vectors attached to points in the x-y
plane, the vector field of the system, as shown on top in Figure 1. Trajectories must be
tangent to the slope field vectors at every point.

Figure 1 (Top) Vector field of (1) for δ > 0 with inset figure of its behavior near (δ/α, 0);
(Bottom) Flow of (1) in the first quadrant. Dashed lines are separatrices. Note that the
online version of this article has color diagrams.

Note that the field restricted to the x-axis is (δ − αx, 0). Therefore, it is parallel to
the axis and points toward the equilibrium point (δ/α, 0). Along the y-axis the field is
(δ, −σy), and it is either parallel to the axis (if δ = 0) or points inside the first quadrant
(if δ > 0). Since trajectories are directed along the field vectors, they cannot leave the
first quadrant if they start there. In general, regions that trajectories cannot leave are
called flow-invariant. A closer look at the line x = δ/α for δ > 0 shows that the field
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restricted to it, (
−βδ

α
y,

(
γ δ

α
− σ

)
y

)
,

always points leftward. This means that the half-strip

H :=
{
(x, y) ∈ R

2 | 0 ≤ x ≤ δ

α
, y ≥ 0

}

is also flow-invariant.
Moreover, for small y �= 0, the vectors along the line x = δ/α point away from the

equilibrium point (δ/α, 0), which means that this equilibrium is unstable. Trajectories
with y �= 0 will move away from it no matter how small y is. Conversely, the other
equilibrium seems to be stable, more precisely, locally asymptotically stable, meaning
nearby trajectories flow into it.

This simple analysis allows us to form a preliminary picture of the flow in the first
quadrant, shown on the bottom of Figure 1. There is a family of trajectories entering H

from the left through the y-axis, and another family entering it from the right through
the line x = δ/α. By continuity, there has to be a special trajectory separating these
two families. Such trajectories are called separatrices, and the behavior of the vector
field along the y-axis suggests that this one should be asymptotic to it. There has to
be another separatrix separating trajectories passing under the stable equilibrium and
going up from those entering H from the right. This one seems to be “originating” (at
t → −∞) at the unstable equilibrium. The trajectories entering H from the right are
squeezed between these two separatrices.

Harmonic oscillator, damped and undamped

As compelling as the above picture is, it is only a picture. To move past mere illus-
trations, it will be helpful to look at the physical cousin of our model, the (damped)
harmonic oscillator. To save space, from now on we will denote time derivatives by
dots:

ḟ := df

dt
and f̈ := d2f

dt2
.

The harmonic oscillator equation ÿ + by = 0, and its damped version ÿ + aẏ + by =
0, are commonplace in mathematical physics, describing phenomena as diverse as
springs, pendulums, RLC electric circuits, tuning forks, atoms in a solid, etc. [10].
Setting x := ẏ we present the oscillator as a 2-dimensional system{

ẋ = −ax − by

ẏ = x .
(2)

It is instructive to visualize solutions (x(t), y(t)) to this system as moving points in the
x—y plane called the phase plane of the system. When a = 0, equations of the curves
they traverse can be found by dividing the second equation by the first, separating
variables, and integrating:

dy

dx
= ẏ

ẋ
= − x

by
.



VOL. 95, NO. 3, JUNE 2022 175

The result, called the first integral of (2) with a = 0, is x2 + by2 = C. The curves it
defines for C > 0 are ellipses centered at the origin, and the points move along them
counterclockwise. These ellipses are level sets of the function V (x, y) := x2 + by2,
which represents the total energy of the oscillator.

When the damping coefficient a > 0, the oscillator is losing energy (say, to friction),
and the phase trajectories spiral into the origin, always staying within every ellipse they
enter, as shown on the top of Figure 2. The corresponding time behavior of the phase
variables is shown on the bottom of Figure 2. Computing the derivative of energy
V (x, y) along the trajectories of the damped system (2), we find:

d

dt
V (x(t), y(t)) = ∂V

∂x
ẋ + ∂V

∂y
ẏ = −2ax2 ≤ 0 .

As expected, V (x(t), y(t)) is a decreasing function of time, and this is why the damped
trajectories can enter the ellipses but never exit them. This is a prototypical example
of a Lyapunov function for systems of differential equations.

Figure 2 The undamped (solid) and damped (dashed) trajectories of the harmonic oscil-
lator: (Top) in the phase plane; (Bottom) as functions of time.

Limit points and Lyapunov functions

To appreciate the utility of Lyapunov functions, it is instructive to imagine what can
generally happen to trajectories. Going back to our model (1), let us abbreviate p(t) =
(x(t), y(t)) the solution starting at a point p0 = (x0, y0) in the first quadrant. Our
intuitive picture suggests that

p(t) → p∗ :=
(

σ

γ
,
a

β

)

when t → ∞. But nothing we have said so far precludes p(t) from “escaping to
∞” instead, e.g., moving up H indefinitely. Something yet more curious can hap-
pen. Rather than spiraling into p∗, our p(t) may get stuck cycling around it forever.
This would mean having yet another separatrix, a closed curve that separates the inside
and the outside trajectories. Such separatrices are called limit cycles. Limit cycles do
indeed occur in some predator-prey models, like the Holling-Tanner system [8], see
Figure 3. They correspond to solutions that display a pattern of sustained oscillations.

How do we detect (or rule out) such behavior? This is where Lyapunov functions
come in. With their help, we can rule out escapes to ∞ and limit cycles all at once. If
trajectories escaped to ∞, then the Lyapunov function would eventually have to grow
along them, which it can not. If there was a limit cycle, then its time derivative would
have to vanish on it, and this can be checked.
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Figure 3 Holling-Tanner system: (Top) limit cycle in the phase plane; (Bottom) phase
variables as functions of time.

The asymptotic behavior of trajectories is reflected by their limit points. For a tra-
jectory that starts at p0, the set of such points is called the omega-limit set of p0 [9, 2.6]:

ω(p0) := {q ∈ R
2 |p(tk) → q for some tk → ∞}.

It is easy to show that ω(p0) is always closed, i.e., contains its own limit points, and is
flow-invariant. It is nonempty if p(t) is bounded, and then it is itself bounded. If p(t)

escapes to ∞, then this set will be empty. And if p(t) approaches a limit cycle, then
ω(p0) will contain the whole cycle.

Suppose p(t) stays within some region U for all t ≥ 0, a trapping region, and
let V (p) be a function defined on U . Consider the time derivative of V along the
trajectories of the system:

V̇ (x, y) := ∇V · (ẋ, ẏ) = ∂V

∂x
ẋ + ∂V

∂y
ẏ .

Then

d

dt
V (p(t)) = V̇ (p(t)),

and if V̇ (p) ≤ 0 on U , then V (p(t)) is nonincreasing along the trajectories. A version
of the theorem due to Lyapunov [9, 2.6] tells us more.

Theorem 1 (Lyapunov). Let V be a continuously differentiable function defined on a
region U such that V̇ (p) ≤ 0. If p(t) stays within U for all t ≥ 0, then V̇ vanishes on
the limit points of p(t) that are within U , i.e.,

ω(p0) ∩ U ⊆ V̇ −1(0).

In the classical case considered by Lyapunov, V was required to have a global min-
imum, a single point where V̇ = 0 which also happens to be an equilibrium of the
system. But these conditions are so demanding that not even the damped harmonic
oscillator satisfies them all! Indeed, V̇ = −2ax2 = 0 on the entire line x = 0, not just
at (0, 0). We will call a function V a Lyapunov f unction if it simply satisfies V̇ ≤ 0,
i.e., if it does not increase along the trajectories. Figure 4 (Top) illustrates how Lya-
punov functions work. It depicts a trajectory p(t) together with the value of V (p(t)),
i.e., a trajectory lifted to the graph of V . The graph of V is bowl-shaped, and the fact
that V decreases along the trajectories means that their lifts are funneled towards its
bottom, ideally the global minimum.
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Figure 4 (Top) Lyapunov lifted trajectory of the damped harmonic oscillator; (Bottom)
Lotka-Volterra Lyapunov function.

Lyapunov function for the “damped” predator-prey model

Let us start with the predator-prey model of Lotka-Volterra, a biological analog of the
undamped harmonic oscillator: {

ẋ = ax − βxy

ẏ = γ xy − σy.
(3)

Here x is the number of prey fish and y the number of their predator. The prey mul-
tiplies at the rate ax, proportional to the size of its population, and is consumed at
a rate proportional to its encounters with the predator. It is a common assumption in
population dynamics that these encounters are random and therefore proportional to
the product of the population numbers xy. This is called the “mass action principle.”
Conversely, the population of predators multiplies proportionally to xy and has death
rate σy. Unlike (2), this model is nonlinear, but we can still find the first integral by
the same trick:

dy

dx
= γ xy − σy

ax − βxy
= γ − σ

x
a

y
− β

.

Separating the variables and integrating, we compute:

γ x − σ ln x + βy − a ln y = C. (4)

We assume that all the parameters are positive and only look at the positive values of
x and y since neither populations nor concentrations can be negative. Then on the left
we have a sum of two one-variable functions that, like parabolas, are convex down and
have a global minimum. The resulting picture in the x–y plane is topologically similar
to Figure 2 (Top), but the ellipses are replaced by ovals confined to the first quadrant
and the center is no longer at the origin. See Figure 5 (Top).

For our model (1), we shall take Lotka-Volterra’s first integral as a Lyapunov func-
tion template (such a template with free parameters is often called ansatz), but without
specifying yet what a is:

V (x, y) = γ x − σ ln x + βy − a ln y. (5)

Then we differentiate,

∇V =
(

γ − σ

x
, β − a

y

)
,
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Figure 5 Flows for (Top) the Lotka-Volterra model (solid) and its “damped” version
(dashed) with a > 0; (Bottom) predator extinction with a < 0.

and split the vector field of (1) as follows:

X := (δ − αx − βxy, γ xy − σy)

= (ax − βxy, γ xy − σy) + (δ − αx − ax, 0) =: X0 + Z.

The first field X0 is from the Lotka-Volterra system (3). We know that ∇V · X0 = 0
because V is constant along its trajectories, so

∇V · X = ∇V · Z,

and

V̇ (p) = ∇V · Z =
(
γ − σ

x

)
(δ − (a + α)x)

= −γ (a + α)

x

(
x − σ

γ

) (
x − δ

a + α

)
.

Now it becomes clear how to select a, which we left indeterminate, to make V a
Lyapunov function. If we set σ/γ = δ/(a + α), and a > 0, then

V̇ (x, y) = −γ 2δ

σx

(
x − σ

γ

)2

≤ 0. (6)

This means that a := (γ δ/σ ) − α, the same a we introduced when computing equi-
libria. With our additional restriction γ δ > σα, we have a > 0. The graph of a Lya-
punov function (5) for a > 0 is shown in Figure 4 (Bottom). It is shaped more like a
dustpan than a bowl, but like a bowl has a global minimum at the equilibrium. We will
discuss what happens when a is negative shortly.

Note that moving from system (1) to (3) does not amount to simply setting a single
“damping” coefficient to 0, as was the case for the harmonic oscillator. In this case,
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the relation between the “damped” predator-prey system and its “undamped” version
is more complicated. We should also mention that there are other ways of “damping”
the Lotka-Volterra model [7].

Global attraction

Now that we have a Lyapunov function, applying Theorem 1 requires the choice of a
trapping region U . It is tempting to take the entire first quadrant as U , but this would
not work for two reasons. First, we cannot include the axes since our V from (5) is not
defined on them. Second, even without the axes U is unbounded, so we cannot rule out
ω(p0) being empty. A resolution is to take as U the Lotka-Volterra oval from Figure 5
(Top) with p0 on its boundary, i.e.,

Up0 := {p ∈ R
2 |V (p) ≤ V (p0)} .

This region is closed and bounded, and p(t) stays within it for all t ≥ 0 since V (p(t))

is nonincreasing. Now we can confirm our picture of the flow rigorously.

Theorem 2. Suppose α, β, γ, δ, σ > 0 and γ δ > ασ . Let p∗ := (σ/γ, a/β) be the
(stable) equilibrium of system (1) with a := (γ /σ )δ − α. Then for any p0 = (x0, y0)

with x0, y0 > 0, the trajectory starting at p0 converges to p∗ at t → ∞.

Proof. Any p0 belongs to a Lotka-Volterra oval Up0 . Since Up0 is flow-invariant,
p(t) ∈ Up0 for all t ≥ 0. Since it is closed and ω(p0) consists of limit points of p(tk)

we have ω(p0) ⊆ Up0 . Hence, by the Lyapunov theorem, we have ω(p0) ⊆ V̇ −1(0).
But

V̇ (p) = −γ 2δ

σx

(
x − σ

γ

)2

,

so V̇ −1(0) is the line x = σ/γ . But ω(p0) must be flow-invariant, while trajectories of
(1) move off this line unless ẋ = 0, i.e., unless also y = a/β. Therefore, ω(p0) ⊆ {p∗}.
Since Up0 is bounded ω(p0) is nonempty, so ω(p0) = {p∗} and p∗ is the limit of
p(t). �

If trajectories originating from points of a certain region converge to an equilibrium,
this area is called its domain of attraction. Our theorem says that the interior of the first
quadrant is a domain of attraction of (σ/γ, a/β) when γ δ > ασ . Biologically, this
means that the predator and the prey (or the infectious and the susceptible) populations
stabilize at the equilibrium values.

Bifurcation to predator extinction

As we saw, when γ δ ≤ ασ function (5) ceases to be a Lyapunov function of the
“damped” predator-prey system. This is not an artifact of its choice. As a = ((γ δ −
ασ)/σ) − α decreases, the stable equilibrium, the center of the ovals in Figure 5 (Top),
moves to the x-axis and merges with the unstable one when a = 0. Then it moves
below the x-axis when a < 0 and is no longer relevant to the first quadrant. As a
result, the geometry of the trajectories changes dramatically. According to the vec-
tor field, nearby trajectories now seem to approach the formerly unstable equilibrium
(0, δ/α). This kind of stability change under variation of parameter values is called
transcritical bifurcation [14, pp. 50–51].
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Since the x-coordinate of our suspected attracting equilibrium is 0 after the bifur-
cation, we will choose V (x, y) = γ x − b ln x + βy as our Lyapunov function ansatz,
with b to be determined. This is the first integral of a degenerate Lotka-Volterra system
(3) with a = 0 and σ = b. This system is of interest in its own right. It is called the
SIR (for Susceptible-Infected-Removed individuals) model in epidemiology [4, 4.12],
but we will not dwell on it here. Performing calculations as in the previous section, we
find that b := (δ/α)γ , and then

V̇ (x, y) = −αγ

x

(
x − δ

α

)2

− β

(
σ − δ

α
γ

)
y ≤ 0

in the first quadrant, whenever γ δ ≤ ασ . The now familiar argument shows that the
interior of the first quadrant is a domain of attraction of (δ/α, 0). Figure 5 (Bottom)
shows the vector field and the flow of the system after the bifurcation. Recall that the y-
coordinate stands for the number of predators, and it is 0 at the attracting equilibrium.
In biological terms, this means that the population of predators is driven to extinction.
The growth and the death rates line up so that there is not enough prey to sustain it. This
is also similar to the (heavily) damped harmonic oscillator, only there both variables
are driven to 0.

Virus dynamics

So far we have interpreted the variables of system (1) as the population numbers of
either predators and prey or infected and susceptible individuals during epidemics.
However, as with harmonic oscillators, there are many other interpretations. In this
section we will interpret them as the numbers of virus-producing and susceptible-to-
infection cells in an organism, rather than individuals. It will also give us an oppor-
tunity to illustrate how Lyapunov functions can help with more than just establishing
global attraction.

In virus dynamics, δ is the creation rate of susceptible (healthy) cells, δ/α is the
stable density of cells in the absence of a virus, 1/σ is the average life span of an
infected cell, and γ determines the rate of infection. The ratio R = γ δ/ασ is then
the average number of cells infected by a single virus-producing cell, and it is called
the basic reproductive ratio [3]. As follows from our analysis in previous sections, if
R ≤ 1 the virus is driven to extinction, and if R > 1 the number of virus-producing
cells eventually stabilizes at

a

β
= γ

β

δ

σ
(1 − 1

R
),

see Figure 6. In other words, R is a bifurcation parameter, with the bifurcation at
R = 1.

But the basic reproductive ratio is also a measurable quantity taken as a measure of
the viral load, the amount of virus present in the organism. In the original basic model
of virus dynamics, it was assumed that β = γ , just as in the original Lotka-Volterra
model, i.e., the number of susceptible cells decreased only due to infection (and natural
dying off), and the number of infected cells increased by the same amount. However,
this model predicted unrealistically low viral loads after virus inhibitor treatments that
reduced γ . In one of the modifications proposed in [3], β = γ + q, where q is the rate
of virus-induced killing of susceptible cells, e.g., due to the immune response. This
gives exactly the “damped” predator-prey model.
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Figure 6 (Left) Vector field and a trajectory of the basic virus dynamics model (R > 1);
(Right) Time evolution of susceptible and virus producing cells.

Figure 7 (Left) Trapping oval for the “damped” predator-prey system; (Right) Solving for
the upper bound y.

Let us consider the following question: how much of an outbreak can we expect at
the peak of infection after a small number of virus-producing cells is introduced into
a susceptible population? To answer it, look at the oval depicted in Figure 7 (Left). It
can be characterized by the condition that its right tip is tangent to the line x = δ/α.
Since this oval is a level set of V from (5) the gradient of V is perpendicular to the
y-axis at the point of tangency. This gives y = a/β for the y coordinate of that point,
which is equal to the y coordinate of the stable equilibrium. Due to the direction of
the field vectors, trajectories that pass to the left or under the oval must enter it since
they cannot cross the x-axis, the y-axis, or the line x = δ/α outward. Once they enter
it they cannot leave since V is a Lyapunov function. This means that y(t) ≤ y, where
y is the y-coordinate of the oval’s top. Thus, y gives the desired estimate on the peak
number of virus producing cells.
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To find it, note that the oval’s equation is V (x, y) = C, where C can be found from
the condition that the point (δ/α, a/β) lies on it, i.e., C = V (δ/α, a/β). Our y is the
larger solution to

V

(
σ

γ
, y

)
= V

(
δ

α
,
a

β

)
,

see Figure 7 (Right). We can express this equation more explicitly in terms of R:

y − α

β
(R − 1) ln y = σ

β
(R − 1 − ln R) + α

β
(R − 1)

(
1 − ln

α

β
(R − 1)

)
.

This is a transcendental equation for y that can not be solved analytically, but numer-
ical solutions can be found easily for specific parameter values. Now consider the
limiting case of large infection rates, when γ → ∞ and

γ

β
= γ

γ + q
→ 1.

Then R → ∞ and

α

β
(R − 1) → δ

σ
.

The equation for y simplifies to

y − δ

σ
ln y = δ

α
+ δ

σ

(
1 − ln

δ

σ

)
,

and gives a finite value. In other words, the maximal size of the outbreak remains
bounded even for arbitrarily large infection rates!

Plant growth

Let us switch from viral infections to growth of plants. Bessonov and Volpert proposed
a model of early shoot growth from a seed that involves water flow transport of a
nutrient to the top of the shoot, where a growth hormone regulates the creation of new
cells [2]. After neglecting diffusion and making simplifying assumptions to eliminate
the convection equation, the model can be reduced to a three-dimensional system:⎧⎪⎪⎨

⎪⎪⎩
ẋ = 1

L
(v − γ xy)

ẏ = γ xy − σy

L̇ = f (y).

(7)

Here, x and y are the nutrient and the hormone concentrations, L is the length of
the shoot, v is the water flow speed, γ is the rate of hormone production and σ is
the rate of its consumption. The 1/L factor accounts for the dilution of the nutrient
over the longer columns of water in longer shoots. The growth function f (y) is a
nonnegative, monotone increasing, threshold function, i.e., it introduces a threshold
level yf the hormone concentration has to reach for the growth rate to be nonzero. See
Figure 8 (Left). If y ≤ yf , then L is constant and the dynamics reduces to the first two
equations. They are of the form (1) with α = 0, β = γ /L, and δ = v/L. This reduced
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Figure 8 (Left) Threshold functions for the plant growth model; (Right) Phase trajectory
of (7) projected to the x–y plane.

system has only one equilibrium in the first quadrant, (σ/γ, v/σ). If v/σ ≤ yf then
(σ/γ, v/σ, L∗) is an equilibrium of the full system (7) with any fixed L = L∗, see
Figure 8 (Right). If not, the system has no equilibria.

Since L can grow without a bound, it is convenient to use z = 1/L as a variable
instead, which converts (7) into

⎧⎪⎪⎨
⎪⎪⎩

ẋ = vz − γ zxy

ẏ = γ xy − σy

ż = −f (y)z2.

(8)

Now growth of L to infinity is replaced by convergence of z to 0, see Figure 9.
In three dimensions, dynamic behavior can be even more diverse than in the plane.

In addition to escapes to infinity and limit cycles we can, in principle, encounter
chaotic behavior with the omega-limit set being a fractal. This is what happens in the
famous example of Lorenz’s strange attractor [15], which also comes from simplifying
convection equations. As before, to narrow down the range of possibilities we look for
a Lyapunov function, but it takes an additional technique to find the right ansatz. From
previous sections, we know a Lyapunov function (5) for the first two equations when
z (and hence L) are fixed:

V (x, y, z) := γ x − σ ln x + γ z y − γ z
v

σ
ln y. (9)
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Figure 9 Phase trajectories of: (a) system (7); (b) system (8).

But it may not be a Lyapunov function for the full system. Indeed, the derivative

V̇ (x, y, z) := ∇V · (ẋ, ẏ, ż)

= −γ 2vz

σx

(
x − σ

γ

)2

− γf (y)
(
y − v

σ
ln y

)
z2

may not be nonpositive in the entire first octant since the sign of y − (v/σ ) ln y

changes there. Fortunately, the last equation in (8) and the shape of f (y) imply that
the function W(x, y, z) := z is also a Lyapunov function! This just rephrases the fact
that the length of the growing shoot never decreases. Since sums and positive multiples
of non-positive derivatives are nonpositive positive linear combinations of Lyapunov
functions, they are good candidates for Lyapunov functions. Adding mγz to V , we
obtain our new ansatz: Vm(x, y, z) := V (x, y, z) + mγz, with m to be determined. Its
derivative along the trajectories is

V̇m(x, y, z) = −γ 2vz

σx

(
x − σ

γ

)2

− γf (y)
(
y − v

σ
ln y + m

)
z2 .

We can make it non-positive inside the entire first octant if we choose m so that

y − v

σ
ln y + m ≥ 0

for all y > 0. This is possible because y − v

σ
ln y has a global minimum for y > 0. It

is v

σ
(1 − ln v

σ
), and we can simply take any m > v

σ
(1 − ln v

σ
).
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Figure 10 Time evolution in (7): (Left) shoot length for different values of σ ; (Right)
nutrient (solid) and hormone (dashed) concentrations.

With this function, and a trapping region bound by its level set, the Lyapunov
theorem tells us that the omega-limit set of a point inside the first octant is contained in

V̇ −1
m (0) = {(x, y, z)

∣∣ z = 0 or x = σ

γ
, f (y) = 0} .

Since z(t) ≥ 0 is monotone decreasing we also know that z(t) → z∗ ≥ 0. The case
z∗ = 0 means that L(t) → ∞, and this is the only option if v/σ > yf , which is
unbiological. But if v/σ < yf and z∗ > 0, then we can say more.

Theorem 3. Suppose v/σ < yf and x0, y0, L0 > 0. Then either L(t) → ∞ (unbounded
growth), or there is a stopping time T∗ > 0 and a final length L∗ such that L(t) = L∗
is constant for t ≥ T∗. In the latter case the nutrient and the hormone concentrations
approach the equilibrium values σ/γ, v/σ , respectively.

Proof. If z∗ > 0 then L(t) ≤ L∗ := 1/z∗. Moreover, since the trajectories approach
(σ/γ, v/σ, z∗), and v/σ < yf , their x-y projections must for large t > 0 stay in a
disk contained entirely under the threshold yf . When this is so, L(t) is constant since
f (y) = 0. Therefore, there is a smallest time T∗ after which the growth stops, and then
L∗ = L(T∗) is the final length. After T∗, the dynamics of x(t), y(t) is determined by
the first two equations of (7) with z = z∗. Since γ δ − ασ = γ vz∗ > 0, Theorem 2
applies to them. �

Figure 10 shows the growth pattern for different values of parameters, and typical
behavior of the nutrient and the hormone concentrations.

As one can see, the growth occurs in spurts interrupted by quiet periods. The system
may spend a long time in a quiet period before resuming growth again. To make sure
in simulations that the growth stops for good, we can use the Lyapunov function again.
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For every fixed value of L (and z), the function Vm(x, y, z) defines a family of Lotka-
Volterra ovals in the x–y plane. Consider the oval that touches the threshold line y =
yf at the upper tip. Its equation can be determined from the fact that (σ/γ, yf ) lies on
it. If in the course of a simulation

Vm(x, y, z) ≤ Vm

(
σ

γ
, yf , z

)
,

then growth can never resume, and L∗ = 1/z is the final length (m may be set to 0 if
ym < 1).

This pattern was predicted also by the full Bessonov-Volpert model. Simulations
show that for realistic initial values (small lengths and hormone concentrations) the
growth does eventually stop. This raises many interesting questions, like finding
explicit estimates for the final length and the stopping time in terms of the initial
values. But answering them would probably require techniques beyond the use of
Lyapunov functions.

Technology Used Simulations and figures were made in MATLAB. The pde45 func-
tion was used to solve systems of differential equations numerically. The plot function
was used for the 2D plots, the 3D plots were made with surf (for surfaces) and plot3
(for trajectories). The vector fields in Figures 1 (Top), 5 (Bottom), and 6 (Top) were
plotted with the vectfieldn package.
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Let’s play a game or two of Red-Blue Cherries.∗ We are given an arbitrary graph
with vertices colored red or blue, not both, as shown, for example, in Figure 1A. (Our
graphs are always finite, undirected, and unweighted, with neither self-loops nor mul-
tiple edges between the same two vertices. They may or may not be connected.)

Figure 1 (A) Starting position of a game of Red-Blue Cherries on a 10-vertex graph, and
(B) the same game after one move by each player.

You choose one color and I get the other. We take turns, deleting vertices of our
own color and all the edges incident to them. The first of us who cannot move loses.
But here’s the catch: only vertices of minimum degree over the entire graph, that is,
with the fewest remaining edges incident to them, may be deleted. Thus, in Figure 1A,
only the cherries at vertices labeled 1 and 2 of degree 2 are ripe for picking. The other
eight vertices have degree three or degree four. You may choose a color and go first.

Let’s say you choose blue. You must delete the vertex labeled 1. After your first
move, the graph is disconnected, but this does not matter, play continues. I must now
delete the vertex labeled 2, which, after your first move, now has minimum degree
1. We arrive at Figure 1B: your turn. All four choices for your second move lead to
rearrangements of the same picture, and play unfolds as in Figure 2. The last cherry is
red and mine. You lose.

Figure 2 A complete game of Red-Blue Cherries on a 10-vertex graph.

Would you rather start by choosing red vertices instead of blue? Not if you have
already noticed that the position in Figure 1A is symmetric (i.e., has a color-preserving
graph isomorphism) with one that has colors reversed. Whoever goes first loses, and

∗Note that the online version of this article has color diagrams.
Math. Mag. 95 (2022) 188–204. doi:10.1080/0025570X.2022.2055423 c© Mathematical Association of America

mailto:scherman@sas.upenn.edu
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no one wants to make the first move in this game. But games are supposed to be fun
and require some strategy for winning.

Let’s try something a bit different. We are given the new game in Figure 3A. You
may choose a color and even require me to start this time. Say you choose red. I must
take 1, you must take 2, and then I am careful to take 3, not 3′, and arrive at Figure 3B,
not Figure 3C. Your turn. You must take 4, I take 5, and I win. Would you rather choose
blue? Again, the starting position is symmetric with one that has colors reversed, and
I still win. This is different from the first game: each of us wants to go first and get to
pick a winning second move. We will see shortly that the two games we just played
are in different outcome classes.

A

3

1

2

3’ B C

4

5

Figure 3 Positions from a game of Red-Blue Cherries on a 10-vertex graph: (A) Starting
position and first moves, picking a blue cherry first, (B) Position after a good move at 3,
and (C) Position after a poor move at 3′.

All that had been published about Red-Blue Cherries before 2019 was a paragraph
in the “Unsolved Problems” chapter of Games of No Chance 4 [7, p. 285]. (A dif-
ferent but related game simply called Cherries is mentioned in Winning Ways, vol. 3,
2nd ed. [4, p. 757].) Nowakowski describes Red-Blue Cherries and states that Albert,
McCurdy, Grossman, Nowakowski, and Wolff [1] (AMGNW) show that if the game’s
graph has a leaf, then the value is an integer. He adds that they ask: Is every Red-Blue
Cherries position an integer? We will soon say a lot more about these “values” and
what it means for a game to be called an integer. We will examine these claims and
learn what is true, false, and perhaps surprising about Red-Blue Cherries.

Intuitive notion of values

Values indicate who is winning and by how much. They show us what happens when
we combine games and compare results. Both players should be indifferent if games
with equal values are substituted for each other in any context, even if the games have
different forms. Look at the four games in Figure 4. Game A is a balanced position in
which the first player loses. It has value 0 and is called a zero game.

In combinatorial games such as Red-Blue Cherries, the players are usually called
Left and Right. In our game, Left deletes her bLue cherries, and Right deletes his Red
cherries. Positive values indicate Left is winning, and negative values indicate Right
is winning. Game B has value +1 (Left is one move ahead of a zero game), and game
C has value +2. They belong to the same outcome class (Left can win no matter who
plays first), but they have different values. Game D has value −1, and it is natural to
say D = −B. We get the negative of a game by “switching places,” or, in our game,
“reversing colors,” so, for example, A = −A and −(−B) = B.

We play the sum of a finite number of games by requiring each player, alternately,
to make one move in any one of the summands he or she chooses. Indeed, A + B

has value 0 + 1 = 1, because, after each player has made four moves in A + B, one
blue cherry remains. Simply counting cherries also shows that A + A + A has value
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A

B

C

D

Figure 4 Four simple games of Red-Blue Cherries.

0, A + D has value −1, 2C ≡ C + C has value 4, and B + B − C ≡ B + B + (−C)

has value 0.
Counting cherries also shows that the game in Figure 1A is a zero game. Because we

want to make the last move, we usually view moving as disadvantageous and expect
values to decrease after Left moves and increase after Right moves. But there are
exceptions! Counting cherries does not work for the game in Figure 3B. It does not
have value −1, and it is not the sum of its two components regarded as separate games.
It is, in fact, a zero game. That is what makes things interesting. After we define all of
this more precisely, we will see:

• Why the above claim about values on graphs with a leaf is wrong, and how to fix it
• Games with values n, n + 1

2 , 1
2n , and 1 − 1

2n for all integers n
• Games with values that are not numbers

Outcome classes and values

We need to complement our intuitive grasp of what values tell us about our game
with a mathematical understanding of them. Values simultaneously (1) have a formal
definition in terms of sets, (2) allow us to calculate and manipulate them as though
they were numbers, and (3) characterize when positions in our game are essentially
the same or different. By identifying games with their values, we can explain what
was meant above by calling a “game” an “integer.” After this preparation, we obtain
our results listed above by applying two theorems from AMGNW [1] about games on
graphs that are trees and paths.

Every game G has a first player and second player, winner and loser—it ends in
finitely many moves. Thus, G belongs to exactly one of four outcome classes of games:

P The second (or previous) player can always win, as illustrated in Figure 1A.
N The first (or next) player can always win, as illustrated in Figure 3A.
L Left can always win, no matter who plays first, as in game B of Figure 4.
R Right can always win, no matter who plays first, as in game D of Figure 4.

Combinatorial game theory captures our intuitive notion of values by defining
games and numbers in terms of sets. We sketch the rudiments of this theory, which
is needed to define and compute the values of our games of Red-Blue Cherries. You
can find the missing details in a textbook [2], a treatise with many examples [3], or a
mathematical monograph [5]. See also the paper by Conway [6] for an introduction to
combining and evaluating games.

In any game (or, equivalently, in any game position) G, Left and Right each have
a set of moves or options, GL and GR, respectively, which are sets of (other) games.
We define the value of the game G to be the ordered pair of sets of Left’s and Right’s
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options, written G = {GL | GR}. (This equating of games with their values is our first
abuse of notation, which requires justification.) The simplest set of options is the empty
set, so for GL = GR = ∅, we define 0 := {∅ | ∅} = {|}. Note that 0 ∈ P , i.e., 0 is a
zero game. (We violate set theoretic notation by writing the sets of games in Left’s and
Right’s options as lists and the empty set of options as nothing at all.)

Armed with two sets of options, ∅ and 0, we construct and define 1 := {0 |} ∈ L,
−1 := {| 0} ∈ R, and ∗ := {0 | 0} (called star) ∈ N . We continue, one step after
another, inductively, constructing all exponentially many new values possible. At the
next step, for example, among many other possibilities, we find 2 := {1 |}. We define
n + 1 := {n |} and −n − 1 := {| −n} for n = 1, 2, . . . . We can verify that if G has
k vertices, all blue, then G = k, and if H has l vertices, all red, then H = −l, for
any positive integers k and l. (We subtly use k and l here in two senses, and we freely
replace games by their corresponding values. The justification comes from the fact that
values are equivalence classes of an equivalence relation preserved by all of the usual
arithmetic operations and order properties we will define on them.)

Negatives and sums

We saw that the negative of a game G = {GL | GR} corresponds to our intuitive notion
of “switching places.” Your options in −G are exactly the negatives of my options in
G, and vice versa, as illustrated by the games labeled G and −G in Figure 5. Thus,
we define −G := {−GR | −GL}. The foundation of this inductive definition is that the
empty set of options is its own negative.

We can verify by induction that the definition of negative integers given in this para-
graph is consistent with the one given above. First, we observe that −0 = −{∅ | ∅} =
{−∅ | −∅} = {∅ | ∅} = 0. If, by the induction hypothesis, our definitions agree for
−k, then {| −k} = −{k |}, and −k − 1 = {| −k} = −{k} = −(k + 1).

Figure 5 Examples illustrating a game G, its negative −G, and a game H where G + H

is a zero game. The numbers are labels used only for reference.

For games G and H , we agreed that the sum G + H is the game in which each of
us, alternately, at each turn, makes a single allowable move in either game of our own
choosing. Let’s check that G + (−G) in Figure 5 is a zero game, that is, the first player
loses. If I start, you can reply to every move n with n + 7(mod 14) and thereby get the
last move. This same copy-cat argument works for G + (−G) in general.

What about G + H in Figure 5? Let’s show that this is also a zero game. Suppose
Left plays first in G + H . If Left’s first move is in G, Right takes 23 at his first turn
and then follows along in G, until Left chooses to take 22 (by her fifth move at the
latest). Then, Right immediately takes 17, and wins as soon as Left’s moves in G are
exhausted. If Left’s first move is 22, Right takes 23 and then wins by copying Left’s
moves in the other component. Suppose Right plays first in G + H . If Right’s first
move is in G, Left takes 22 and then replies with 20 as soon as Right is forced to take
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23 (by his fourth move at the latest). Then, Left cannot be prevented from getting all
eight moves and winning. If Right’s first move is 23, Left takes 22 and then wins by
copying Right’s moves in the other component. So, G + H is a loss for the first player,
a zero game.

Formally, we define

G + H := {G + HL,GL + H |G + HR,GR + H }.
We also write G − H for G + (−H). One caution about these sums: we saw in our
first two examples that a single game of Red-Blue Cherries is allowed to be played
on a disconnected graph. As pointed out in AMGNW [1] and as seen in Figure 3B, a
single game of Red-Blue Cherries on a disconnected graph is different from the sum of
games on the components, because, in the former case, the minimum degree constraint
applies globally, whereas, in the latter case, it applies locally to each game.

Now, we can define equality and an order relation for our game values, which
include our newly defined numbers. We define G = H whenever, for all games X,
G + X and H + X are in the same outcome class. Then we can prove that G = H if
and only if G − H ∈ P (i.e., G − H is a zero game). Next, we define G ≥ H to mean
G − H ∈ L ∪ P . This is only a partial order. For example, 0 � ∗ and ∗ � 0.

Verifying that everything is well-defined, that these conventional abuses of notation
cause no problems, and that numbers as defined here have all of the expected properties
is a lengthy process. However, in the end, we obtain a powerful way to compute and
manipulate values of games.

Additional examples

Next, we want to summarize the simplest games of Red-Blue Cherries and see a couple
of new examples. The omitted proofs are straightforward.

Proposition 1. A single blue vertex has value 1, and a single red vertex has value −1.

Proposition 2. Any game with only isolated (i.e., degree 0) vertices has value equal
to the number of blue vertices minus the number of red vertices.

Proposition 3. Any two-vertex game has value equal to the number of blue vertices
minus the number of red vertices.

Proposition 4. Any three-vertex games has a value equal to the number of blue ver-
tices minus the number of red vertices, except for the game in Figure 6A and its nega-
tive, which have value 0.

Proof. In a game with one or two vertices, all vertices have minimal degree. Thus, in
the three-vertex case, the value can differ from the number of blue vertices minus the
number of red vertices only if the player with the majority of vertices cannot move,
that is, when all of the majority color vertices fail to have minimal degree. The only
such possibility is the game in Figure 6A and its negative. �

Proposition 5. There exists a game on a connected graph with four vertices, for which
it is not the case that the game value equals the number of blue vertices minus the
number of red vertices.

Proof. See the game in Figure 6B. The number of blue vertices minus the number of
red vertices is 2. Left to move loses immediately, and Right to move loses after one
move by each player, so the game’s value is 0. �
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A B

Figure 6 Games with (A) three and (B) four vertices. Both have value 0.

In the next two examples, we see that some moves, called dominated options, are
distinctly worse than some other move and should be avoided.

Proposition 6. The six-vertex game in Figure 7A has value ∗ = {0 | 0}.
Proof. Whoever moves first can produce a zero game and win by avoiding his or her
dominated options marked “D.” Other first moves lose. �

Figure 7 Games with values (A) ∗ = {0 | 0} and (B) {1 | 0}. “D” marks dominated
options.

Proposition 7. The seven-vertex game in Figure 7B has value = {1 | 0}.
Proof. Left can avoid either of her dominated options and still be a move ahead of a
zero game, whereas Right can avoid his dominated options and leave a zero game. We
will give a formal proof that other first moves are less advantageous below. �

The two games in Figure 7 are in N . We also noted that the game in Figure 3A is
in N and has value {0 | 0} = ∗. All games in N have values, but their values are not
numbers. Although ∗ is not a number, we can still apply our definitions of negatives
and sums to it. For example, we can compute

∗ + ∗ = {∗ + 0 | ∗ + 0} = {∗ | ∗} = 0.

Games with values {m | n}, where m > n, are called switch games because of their
inherent first move advantage. The game in Figure 7B with value {1 | 0} is an example
of a switch game.

Rational values, dominated options, and simplicity

In addition to creating all of the integers, our inductive definition of numbers also
creates all dyadic rationals (i.e., those of the form a/2b for integers a and b). One
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can justify this by showing that {0 | 1} + {0 | 1} ≥ 1 and {0 | 1} + {0 | 1} ≤ 1, so it is
correct to define 1

2 := {0 | 1}, after which, 1
4 := {0 | 1

2 }, and, in general,

2n + 1

2m+1
:=

{
n

2m
| n + 1

2m

}
.

The dyadic rationals are the only numbers that occur in our inductive process after
finitely many steps. All of our games have finite length and sets of options, so, if they
have numbers as values, then the values are dyadic rationals. (However, these numbers
are dense in R, so this construction obtains all of R, among other things, at “step ω.”)

The removal of dominated options corresponds to our intuitive notion of “making
the best move.” If gL

1 and gL
2 are two options in GL, and if gL

1 > gL
2 , we can ignore gL

2
and get a game of the same value. We use a standard technique to prove this result:
let G be any game with both options gL

1 and gL
2 , and H be the same game with the

dominated option gL
2 omitted; show that G − H is a zero game and G = H by giving

a copy-or-improve strategy that wins for the second player (where, in the missing case,
the reply to gL

2 in G is −gL
1 in H ). Similarly, if gR

1 and gR
2 are two options in GR, and if

gR
1 < gR

2 , we can ignore gR
2 and get a game of the same value. This result tells us that

Left can never do better than choosing an option with the greatest value, and Right can
never do better than choosing an option with the smallest value. It also tells us that if
m < n, then

{m | GR} ≤ {n | GR} and {GL | m} ≤ {GL | n}.
With one more result, we will have everything we need about values of games. Let

m and n be numbers with m < n. We define s to be the simplest number between m

and n in the following sense:

1. If an integer lies between m and n, then s is the unique integer of smallest absolute
value in the open interval number (m, n).

2. Otherwise, s is the unique fraction a/2b with odd integer a and smallest integer
b > 0 in the open interval (m, n).

Theorem 1 (Simplicity Theorem). If m and n are numbers, m < n, and s is the sim-
plest number between m and n, then {m | n} is a number, and s = {m | n}.
Proof. See Albert, Nowakowski, and Wolfe [2, pp. 110–112]. �

This result illustrates that numbers defined in terms of game values have multiple
names. We defined 2 := {1 |} above, but we also have 2 = {1 | 5} = { 3

2 | 4}. This
resembles our conventional knowledge that, for example, 1

4 = 3
12 = (− 1

2 )
2. You may

find it counter-intuitive that, e.g., {1 | 5} = 2 or { 3
8 | 1} = 1

2 , but the number we chose
for {m | n} was created in our inductive definition of numbers at an earlier step than
any other number in (m, n). Thus, when we “chase all the way down the game tree”
from m on the left and n on the right, we “land on” the first spot created.

Games on trees

We need to agree on some terminology about graphs. A leaf is a vertex of degree one.
A cycle is a connected graph with three or more vertices, all of degree two. A path is
a graph produced by removing one vertex from a cycle. The resulting two leaves in a
path are called its end vertices. A connected subgraph of a path that includes an end
vertex is an end segment. A tree is a connected graph for which no subgraph is a cycle.
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It is convenient to regard an isolated vertex as a path with equal end vertices, and to
include the empty graph as a path or tree of size 0.

It is claimed in AMGNW [1] that all games with a leaf have integer values. How-
ever, their proof is by induction on the number of vertices, denoted |V (G)|, and the
induction in their proof fails. If the last remaining leaf is removed, but the graph is still
nonempty, as happens, for example, with the graph labeled H in Figure 5, the induc-
tion hypothesis cannot be applied. We will soon see why the value of H in Figure 5
is not an integer. Meanwhile, their proof does work when the graph is a tree because
removing a leaf from a tree always results in a smaller tree. The proof below is exactly
the one given by AMGNW, but the theorem applies only to trees, not to an arbitrary
graph with a leaf.

Theorem 2. The value of any game of Red-Blue Cherries on a graph that is a tree is
an integer.

Proof. The proof is an induction on n = |V (G)|. A single blue vertex has value {0|} =
1; similarly, a single red vertex has value {|0} = −1. Now suppose the statement is true
for game positions on a tree with n = t − 1. Consider a game G with G = {GL | GR}
and with |V (G)| = t . We will show that

GL ≤ G − 1 and GR ≥ G + 1,

which implies that G is an integer. If GL or GR is empty, the claim is clear by the
Simplicity Theorem for game values. So, suppose that both GL and GR are nonempty.

First, we will show that GL ≤ G − 1. Since GL 
= ∅, G has a blue leaf. Then GL

is G with a blue leaf removed. We will show that the sum of GL and G − 1 is a Right
win when Left starts, or GL − (G − 1) ≤ 0. It is enough to give a winning strategy for
Right when Left starts. First, note that −(G − 1) is the game −G + 1, which is −GL

with a red leaf attached along with an isolated blue vertex. If Left first elects to play
in −(G − 1) by taking the isolated vertex, Right responds by taking the red leaf in the
same game. From then on, Right plays a copy-cat strategy, mirroring Left’s moves in
GL with the corresponding ones in −GL playing in GL when left plays in −GL. Right
wins by taking the last vertex. If Left’s first move is to play in GL, then Right will
copy her move in −GL, unless Left takes the vertex in GL that has been exposed by
removal of the blue leaf of G. In this case, Right takes the red leaf attached to −GL

and then continues the mirroring strategy by replying in −GL whenever Left plays in
GL and vice versa. If Left continues to take blue vertices newly exposed in GL whose
partners in −GL have not been exposed due to the presence of the extra leaf, Right is
guaranteed moves in −GL since he is one vertex behind: Left’s previous such play in
GL is Right’s play in −GL. This continues until Left takes the isolated vertex, to which
Right responds by taking the extra red vertex in −GL. By using this copying and one
behind strategy, Right can guarantee that he is the last to play whenever Left starts.

Next, we show that GR ≥ G + 1. Since GR 
= ∅, G has a red leaf. So represent G

as GR with a red leaf attached. Then to prove GR − (G + 1) ≥ 0 we need to give a
winning strategy for Left when Right starts in the game GR − (G + 1). The strategy is
identical to that above, with the colors and Left and Right reversed.

Finally, since GL and GR have integer game values by the hypothesis, and since we
have shown that GL ≤ G − 1 and GR ≥ G + 1, the value for G is, by the Simplicity
Theorem, also an integer. �

Corollary 1. A game of Red-Blue Cherries on a tree with n > 0 vertices, all blue, has
value n, and a game on a tree with n > 0 vertices, all red, has value −n.

Proof. A single blue (red) vertex has value 1 (−1). The result then follows immedi-
ately from the inductive definition of integers. �
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Corollary 2. For any integer n, a game of Red-Blue Cherries on a connected graph
with value n exists.

Proof. For n = 0, see game A in Figure 4. For n 
= 0, apply Corollary 1. �

Games on paths

For finding nonintegral values, the Simplicity Theorem tells us that we will need
to look at graphs with embedded cycles. Cycles become paths when one vertex is
removed, so if we knew how to compute the values of games on paths, we could com-
pute the values of games on cycles. We could evaluate the paths resulting from each
first move, discard dominated options, and apply the Simplicity Theorem. But we are
in luck, because AMGNW [1] describe three steps, called Rule-1, Rule-2, and Rule-3
here, which, when applied in order, compute the value of any path P :

Rule-1: Contract the longest end segments of P consisting of vertices of the same
color to a single such vertex, and call the result P ′. Let Db and Dr be the total
numbers of blue and red vertices removed by these contractions, respectively.

Rule-2: Contract the longest end segments of P ′ consisting of consecutive Red-Blue
pairs or of consecutive Blue-Red pairs to a single such pair, and call the result
P ′′.

Rule-3: Compute the value of P as follows:
(a) If P ′′ has length 4 or less, the value of P is Db − Dr , plus 1 for every

blue vertex in P ′′, and minus 1 for every red vertex in P ′′.
(b) If P ′′ has length greater than 4, match its end segments (or those of its

negative) to one of the six pairs of end segments shown in Figure 8. The
value of P is Db − Dr plus (or minus) the adjustment shown on the right.

1.

2.

3.

4.

5.

6.

End Segment 1 End Segment 2 Adjustment

• • •

• • •

• • •

• • •

• • •

• • •

+2

+1

0

0

0

+1

Figure 8 Computing the Rule-3b adjustment in the path algorithm for paths P ′′ longer
than four. The end vertex of End Segment 1 is the leftmost. The end vertex of End Segment
2 is the rightmost.

Let’s look at an example. For the path P shown in Figure 9, Rule-1 tells us to
contract P to the path P ′, set Db = 2, and set Dr = 1. Rule-2 tells us to contract
P ′ to the path P ′′. Rule-3b tells us to match P ′′ with case 4 in Figure 8 and find the
adjustment +1 on the right. Thus,

P = Db − Dr + 1 = 2 − 1 + 1 = 2.
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P

P’

P”

Figure 9 Example used to illustrate the path algorithm.

Theorem 3 (Albert, McCurdy, Grossman, Nowakowski, and Wolff). Applying Rule-1,
Rule-2, and Rule-3, in order, correctly computes the value of any path P .

This result is proved in AMGNW [1] as follows. A path is a tree, so it has integral
value, as discussed above and proved in Theorem 2. For Rule-1, suppose n + 1 blue
vertices in P are contracted to a single blue vertex in P ′. They show that P − P ′ − n

is a zero game. Similarly, if m + 1 red vertices are contracted to 1, they show that
P − P ′ + m is a zero game. For Rule-2, they show that P ′ − P ′′ is a zero game. Then,
they show that the six cases in Figure 8, their negatives, and a few strings of length less
than 5 exhaust all remaining possibilities, and they compute the values of these cases
directly. For example, in Figure 8, the second player has straightforward wins in cases
3, 5, and 6, and the other cases reduce to zero games after Left makes 1 or 2 moves.

To become more familiar with the path algorithm, let’s check what is claimed about
Figure 7B by computing the values of the paths resulting from all first moves. If Left
removes a dominated option, we get +2 − 2 = 0 from Rule-1 and an adjustment of
0 for value 0. If Left removes a nondominated option, we get 1 from Rule-1 and an
adjustment of 0 for value 1. If Right removes a dominated option, we get +3 − 1 = 2
from Rule-1 and an adjustment of 0. If Right removes his nondominated option, we
get nothing from Rule-1 and an adjustment of 0. So the game has value {0, 0, 1, 1 |
2, 2, 0} = {1 | 0} as claimed. This completes the proof of Proposition 7.

Games with values 1
2

and 3
2

The first game for which we will compute a fractional value is the seven-cycle shown
in Figure 10A. Next to each vertex is the value of the resulting game when that vertex is
removed, as computed with the path algorithm. This game is a win for Left because, if
Left moves first, Left can take vertex 3 and win immediately, whereas, if Right moves
first, Right cannot prevent Left from potentially making all four moves. For example,
if Right takes vertex 6 and Left takes vertex 7, Right must take vertex 1 or vertex 5,
after which Left has more moves than Right.

We prove that this game has value 1
2 = {0 | 1} by computing the values of all of

the paths after each vertex is taken, eliminating dominated options, and applying the
Simplicity Theorem. Table 1 shows the steps and results of applying the path algorithm
to the paths that result from each possible first move. Removing vertex 6 produces the
path with smallest value among Right’s options. The resulting path has value 1. The
largest path value after a blue vertex is removed is 0. This occurs after the removal of
vertex 2, 3, or 4. By the Simplicity Theorem, the cycle has value

{0, 0, 0, −1 | 2, 2, 1} = {0 | 1} = 1

2
.

One may be able to grasp this result more intuitively by checking directly that the
sum of two copies of the game in Figure 10A and a single red vertex is a zero game.
This approach, however, rapidly gets harder as the graphs get bigger.

Figure 10B shows our second fractional game, a game with value 3
2 . Next to each

vertex is the value of the resulting game when that vertex is removed first, again com-
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Figure 10 (A) A game with value 1
2 and (B) a game with value 3

2 . A number inside a
vertex is a label. A number outside shows the value of the resulting game after deleting
that vertex.

First Move Rule-1 Removals; Rule-2 Rule-3 Path
Result Removals Adjustment Value

Vertex 1 (Red) vertices 2, 3; +2 − 0 2
Vertex 2 (Blue) vertex 3; +1 − −1 0
Vertex 3 (Blue) none; 0 vertices 1, 2 0 0
Vertex 4 (Blue) vertices 3, 5; +1, −1 vertices 6, 7 0 0
Vertex 5 (Red) vertices 3, 4; +2 vertices 6, 7 0 2
Vertex 6 (Red) none; 0 − 1 1
Vertex 7 (Blue) vertex 6; −1 − 0 −1

TABLE 1: Applying the Path Algorithm to the games resulting from Figure 10A.

puted with the path algorithm. Because any move by Left produces a game with value
1, and any move by Right produces a game of value 2 or greater, the original game has
value

{1, 1, 1, 1, 1 | 2, 3, 3} = {1 | 2} = 3

2
.

Games with values n + 1
2

It would be nice to have a single family of games with values n + 1
2 for all n > 0,

but the games in Figure 10 with values 1
2 and 1 1

2 do not generalize easily to values
2 1

2 , 3 1
2 , . . . . Also, the family of cycles of length 2n + 5 in Figure 11 attaining these

larger values does not contract to values 1
2 or 1 1

2 . Thus, we get our result by combining
cases.

Lemma 1. For every integer n > 1, there exists a game of Red-Blue Cherries played
on a cycle with value n + 1

2 .

Proof. Figure 11 displays a cycle of length 2n + 5, n > 1. We show that it has value
n + 1

2 by computing the values of all of Left’s and Right’s options with the path algo-
rithm, eliminating dominated options, and applying the Simplicity Theorem. If Right
plays at R1, R2, or R3, his options have values n + 2, n + 1, and 2n, respectively, so
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Figure 11 A cycle of length 2n + 5. Eight vertices are shown and (n − 1) + (n − 2) =
2n − 3 vertices are unpictured. It has value n + 1

2 , n > 1.

he will choose R2. For example, Figure 12A shows the path that remains after Right’s
first move at R2. Applying the path algorithm to Figure 12A results in contributions
of n − 1 from Rule-1 and +2 from Rule-3b, so the result is n − 1 + 2 = n + 1. If Left
plays at the single blue vertex, the string of n blue vertices, or the string of n + 1 blue
vertices, her options have values 0, n − 1, and n, respectively, so she will choose the
last of these. For example, Figure 12B shows the path that remains after Left’s first
move at B1. Applying the path algorithm to Figure 12B results in a contribution of
n − 1 from Rule-1, removal of one pair according to Rule-2, and a contribution of +1
from Rule-3b, so the result is n − 1 + 1 = n. It is straightforward to check that all
other Left options are no better. Thus, we have verified that the value of this game is

{0, n − 1, n | n + 2, n + 1, 2n} = {n | n + 1} = n + 1

2
.

�

• • •

• • •• • •

• • •A

B

n-1 Blue

Omitted

n-2 Blue

Omitted

n-1 Blue

Omitted

n-2 Blue

Omitted

R1 B1 R3

R3R1 R2

Figure 12 Paths from Figure 11: (A) after removing R2 and (B) after removing B1

Theorem 4. For every integer n, there exists a game of Red-Blue Cherries played on
a cycle with value n + 1

2 .

Proof. It is sufficient to show the result for n + 1
2 > 0, because interchanging all

red and blue vertices negates the value of the game. We constructed examples with
values 1

2 and 1 + 1
2 shown in Figure 10 and with values n + 1

2 , n > 1 shown in
Figure 11. �

A game with value 1
2

on a graph with a leaf

Did you notice that the game in Figure 10A and the game labeled G in Figure 5
are the same game, which we now know has value 1

2 ? Because G + H = 0 in
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Figure 5, we now also know that the game labeled H has value − 1
2 , and, there-

fore, −H = 1
2 . This single example simultaneously refutes the assertion about values

of games with a leaf and answers the open question about integer values presented in
Nowakowski [7].

Games with values 1
2n and 1 − 1

2n

Theorem 5. For every integer n, there exists a game of Red-Blue Cherries on a con-
nected graph with value 1

2n .

Proof. We have already covered all cases for n ≤ 1. For n > 1 we proceed by induc-
tion. The base case is n = 2.

We show that the game in Figure 13A has value 1
22 = 1

4 . If Left plays first at vertex
U, Left loses, but Left can play first at vertex Q or R, which produces a zero game, and
Left wins. If Right starts at vertex T or V, the next two moves are forced, after which
Left is a move ahead, so both of these first moves for Right leave a position of value
1. But Right can do better, because we know that the position after removing vertex 2
has value 1

2 . Therefore, the game has value

{
−1, 0, 0 | 1

2
, 1, 1

}
=

{
0 | 1

2

}
= 1

4
= 1

22

by the removal of dominated options and the Simplicity Theorem.
The induction hypothesis is that the game in Figure 13B has value 1

2k , where the
ellipses indicate that vertices 3, . . . , k − 1 adjacent to vertices P and S are not shown.
For the induction step, we need to show that the game in Figure 13C has value 1

2k+1 .
In Figure 13C, the analysis of initial moves at vertices Q, R, T, U, and V is exactly
the same as that for Figure 13A. However, by starting at vertex j , Right has the option
to create the game in Figure 13B of value 1

2k , and any other first move at 2, . . . , k

results in a position symmetric to Figure 13B. Therefore, the game in Figure 13C has
value

{
−1, 0, 0 | 1

2k
, 1, 1

}
=

{
0 | 1

2k

}
= 1

2k+1

by the removal of dominated options and the Simplicity Theorem. �

Figure 13 Games with values (A) 1
22 = 1

4 , (B) 1
2k , k ≥ 2, and (C) 1

2k+1 , where j = k + 1
and k ≥ 2. A symbol inside a vertex is a label. A number outside shows the value of the
game after deleting that vertex.
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Theorem 6. For every integer n, there exists a game of Red-Blue Cherries on a con-
nected graph with value 1 − 1

2n .

Proof. We have already covered all cases for n ≤ 1. For n > 1 we proceed by induc-
tion. The base case is n = 2.

We show that the game in Figure 14A has value 1 − 1
22 = 3

4 . If Right moves first at
vertex T or V, the resulting game has value 1, because, after Left replies at vertex U,
we reach a zero game: Left has no move, but after Right’s forced move, Left can play
at R and win. If Left moves first at vertex U, Right can reply at vertex V and reach
the same zero game, so this Left option has value −1. Left can do better by starting
at vertex 2 and creating the winning position of value 1

4 we saw in Figure 13A. But
now we are experts, and Left’s expert first move is at vertex R, which denies Right the
possibility of replying at vertex W. After this move, Right’s best options have value 1
(at vertices T and V), and Left’s have value 0 (at vertices 2 and Q), so playing first at
vertex R leaves a value of {0|1} = 1

2 . Therefore, the game in Figure 14A has value
{
−1,

1

4
,

1

2
| 1, 1

}
=

{
1

2
| 1

}
= 3

4
= 1 − 1

22
.

Figure 14 Games with values (A) 1 − 1
22 = 3

4 , (B) 1 − 1
2k , k ≥ 2, and (C) 1 − 1

2k+1 for
j = k + 1, k ≥ 2. A symbol inside a vertex is a label. A number outside shows the value
of the game after deleting that vertex.

The induction hypothesis is that the game in Figure 14B has value 1 − 1
2k , where the

ellipses indicate that vertices 3, . . . , k − 1 adjacent to vertices W and Q are not shown.
For the induction step, we need to show that the game in Figure 14C has value 1 − 1

2k+1 .
In Figure 14C, Right, again, has options of value 1 at vertices T and V, because Left’s
reply at vertex U leaves a zero game. But in this game Left can play first at vertex j

and produce the game in Figure 14B of value 1 − 1
2k . Playing first at vertex R or any of

2, . . . , k transposes into the same result, and playing first at vertex U is clearly inferior,
so this game has value {

1 − 1

2k
| 1

}
= 1 − 1

2k+1
.

�

One more game

Let’s show that the game in Figure 15 is in L and has value{
0, 0 | ∗, ∗, {1 | 0}, 1

8

}
= {0 | ∗} :=↑ .
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Left can move only at 1 or 2, after which Right cannot move and Left wins. But after
Left starts at 1 or 2, she can continue only at 2 or 1, respectively. Then, Right can play
at 8 or 9 and win. We conclude that after either first move by Left, the position is a
zero game.

Figure 15 A 12-vertex game with value ↑. Numbers inside vertices are labels, and sym-
bols outside vertices are values of the game after that vertex is removed.

Right’s four possible first moves (at 12, 4, 6, or 8) are a bit more complicated, so
we will look at each in turn:

12 After Right begins at 12, Left loses by playing at 5, but wins by playing at 1 or 2 and
producing a zero game exactly as shown above when Left makes the first move.

Again, after Right begins at 12, he can continue at 4, 6, 8, or 11. If Right continues
at 4 or 6, play can go 4-5-6-1, 4-5-6-2, 4-5-6-3, 6-5-4-1, 6-5-4-2, or 6-5-4-3, after
which Left is a full move ahead of a zero game, whereas taking vertex 7 after Right
plays at 6 is inferior for Left.

Right can do better by following up his first move at 12 with vertex 8. Then, Left
loses by playing at 1, 5, or 7, but wins by playing at 2. However, the game after
vertices 12, 8, and 2 are removed is worth only 1

2 to Left.
Better yet, Right can follow up his first move at 12 with vertices 11 and then 10

(all other continuations after starting at 12 are weaker). This sequence produces a
9-cycle worth 1

2 to Left. Working backwards, the game after Right plays at 12 and
11 is worth 1

4 to Left, and the game after Right starts at 12 is worth only 1
8 .

4 If Right plays first at 4, Left can reply at 1, 2, or 3 and be a move ahead of a zero
game. But Right can continue after 4 with 6 or 12 and, then, after Left must play at
5, Right is a move ahead of a zero game. So, the position after Right starts at 4 is the
switch game {1|0}.

6 But the real point of this game is that if Right plays first at 6 or 8, the resulting game
has value ∗. After Right plays at 6, Left can win at 1 or 2, and Right has the sequence
8, 7 (forced), and 11, winning.

8 Similarly, after Right starts at 8, Left can win at 1 or 2, and Right has the sequence
6, 7 (forced), and 11, winning.

Putting all of this together, in the original game, Left has two winning moves at 1
or 2 that produce a zero game, and Right has four losing moves that produce games of
values 1

8 , {1|0}, ∗, and ∗. For Right, the best of these is ∗, so the game is in L and has
value {

0, 0 | ∗, ∗, {1 | 0} ,
1

8

}
= {0 | ∗},
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which we call ↑. We know that ↑ ∈ L, so 0 < ↑, but we can also show that for any
positive number x, 0 <↑< x. Indeed, for all positive integers n, ∗ < 2−n, so

↑ = {0 | ∗} ≤ {0 | 2−n} = 2−(n+1) < 2−n.

The values ↑ and −↑ := {∗|0} are not isolated curiosities, but merely the first
encountered in multiple infinite hierarchies of infinitesimal values.

Epilogue

We answered the question about integer game values and corrected the claim about
values of games with a leaf in Nowakowski [7] (as noted in Nowakowski [8]). All
of our results are direct constructions that follow from (1) our definitions of games,
values, numbers, negatives, sums, equality, and order; and (2) the elimination of domi-
nated options, the Simplicity Theorem, and the path algorithm. We needed the theorem
that a game on a graph that is a tree has integral value to prove certain claims in the
path algorithm. We took the path algorithm and proof of the theorem on trees directly
from AMGNW [1].

Although all of our results have been demonstrated from first principles, the
CGSuite software written by Aaron Siegel and described in Albert, Nowakwoski,
and Guy [2] was augmented with a script to play Red-Blue Cherries and used to verify
(a finite subset of) the game values in this article.

We have seen many examples, but a complete analysis of this game seems to be a
long way off. One major difficulty, encountered already in our second example, is that
when, during play, a game splits into components, the single game on the resulting
components is not the same as a the sum of distinct games on these components. We
finish by listing four open questions about Red-Blue Cherries:

• Question 1: Do single games with dyadic rational values other than n or n ± 1
2m

exist? Perhaps start by trying to find a game with value 3
8 = { 1

4 | 1
2 }.

• Question 2: Can the games in N , or at least some of them, which are wins for the
first player, be systematically categorized?

• Question 3: What additional games or families of games with infinitesimal values
exist?

• Question 4: What upper or lower bounds exist for the sizes of the graphs needed
to obtain certain game values? For example, are the games in Figures 16 and 15 the
smallest with fractional and positive but infinitesimal values, respectively?

Figure 16 A 6-vertex game with value 1
2 .
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If you happen to be a strategy game aficionado, chances are that you have played (or
at least heard of) Yahtzee R©. It was introduced in the 1940s by Milton Bradley (now
owned by Hasbro), and has provided many hours of entertainment in our families and
many others alike. The game is played in a sequence of rounds, and in each round, a
player rolls five dice. He or she then makes decisions about which dice to keep and
which to reroll, which ultimately ends up with five dice that can no longer be rerolled.
The player then selects a category from their scorecard (which is divided into an upper
section and a lower section) in which to score this hand based on the numbers that are
showing. The rules of scoring are more thoroughly explained in the next section. The
best possible hand in Yahtzee is five of a kind, and this hand is called a yahtzee, the
name of the game. Those who have indulged in a game realize immediately that the
best strategy is not intuitively obvious. As a challenge to those who have played, grab
a pencil and jot down which dice you would elect to keep if your opening roll was
any one of the four shown in Table 1. The optimal choices will be shared in the final
section, so no peeking.

Roll 1:

Roll 2:

Roll 3:

Roll 4:

TABLE 1: Four first rolls to challenge your skills.

We wondered how one might play Yahtzee optimally and hoped the game was sim-
ple enough to analyze by brute-force. Unfortunately, with multiple players this type
of analysis becomes extremely computationally expensive. The reason for the com-
plexity of the multiplayer game is that when other players are introduced, the players’
goals shift from trying to maximize their scores to trying to maximize their proba-
bility of winning. While these two objectives seem like they should be aligned, this
is not always the case. For example, if your opponent was lucky enough to score a
yahtzee in the first round, you would need to play more aggressively in an attempt
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to win. This strategy would actually reduce the expected value of your score, but would
increase the probability of victory. In the multiplayer situation, an optimal strategy
would not only depend on the scorecard of a player, but also on the scorecard of his or
her opponents. Even with only two players the number of combinations is too large to
handle with an inexpensive workstation. So, we decided to focus on the solitaire game
using the official rules, i.e., the rules that currently come with the game if you were to
purchase it today.

Our definition of an optimal player is one whose decisions always maximize his or
her expected score. Here were some of our questions: Under optimal play, how many
points would one expect to score? How do the individual scoring categories contribute
to the total? What are the standard deviations of the scores by category? At what point
during a game should particular categories be scored? A quick search on the Internet
revealed, perhaps not surprisingly, that many others before us had asked and answered
the same types of questions about solitaire Yahtzee and have published some numerical
results [1, 2]. Therefore, some of the contents of this article will duplicate (confirm)
results that have been highlighted elsewhere. Of particular interest, Tom Verhoeff has
provided an online implementation [3] of the optimal solitaire Yahtzee player as well
as a web application [4] where you can roll dice, make selections and be graded against
the optimal selection.

However, what was truly surprising about our search was that we were unable to
find exact answers to our questions, only numerical approximations. Additionally, we
had questions whose answers were not readily available upon a simple Internet search.
So we set out on a quest to find exact answers and implemented the optimal solitaire
Yahtzee player in Mathematica R©. One of our main results is the expected score of the
game as a rational number under optimal play. This article consists of a partial analysis
of our efforts. Let’s get rolling!

Rules of the game

The official rules can be found online in a variety of places, such as Hasbro’s official
website [5]. We will merely provide a brief explanation of the rules in this section.

Upper section How to score
Aces (Ones) Total of aces only
Twos Total of twos only
Threes Total of threes only
Fours Total of fours only
Fives Total of fives only
Sixes Total of sixes only
Lower section
3 of a kind Total of all 5 dice
4 of a kind Total of all 5 dice
Full house (3 of a kind and 2 of a kind) 25 points
Small straight (4 consecutive dice) 30 points
Large straight (5 consecutive dice) 40 points
Yahtzee (5 of a kind) 50 points
Chance Total of all 5 dice

TABLE 2: A Yahtzee scorecard with scoring rules.

The game is played with some number of players in a sequence of 13 rounds. In each
round, the players take turns completing a roll. During a roll, a player begins by rolling
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five dice at which point he or she can decide the roll is over or make a modification.
A modification allows the player to select a subset of their five dice to keep and to
re-roll the unselected dice. During a roll, the player can perform a maximum of two
modifications at which point he or she is left with five dice called a hand. To complete
a roll, the player may score the hand in any one of 13 fixed categories on his or her
scorecard that has not been previously scored. There are some simple rules about how
many points a hand is worth in each category.

The scorecard is divided up into two sections, the upper section and lower section,
which are shown in Table 2 along with explanations about how each category is scored.
It is worth noting that a player can score in a category where the criteria for scoring
is not met for zero points. In fact, the optimal solitaire player will choose to score a
category for zero points in certain situations.

There are three additional special rules that exist in the official Yahtzee rules that
have not yet been addressed. First, there is the upper section bonus. If, at the end of the
game, a player has achieved a score of 63 points or more in the upper section, then he or
she would achieve a 35-point bonus onto the final score. Second, there is another type
of bonus called the yahtzee bonus, which is designed to reward a player who obtains
multiple yahtzees during a game. If a player rolls a yahtzee and has previously scored
in the yahtzee category with 50 points (meaning he or she has already obtained at least
one yahtzee) then the player earns a 100-point bonus onto the final score. Lastly, there
is the notion of a joker, which is again designed to reward a player obtaining multiple
yahtzees by allowing a yahtzee to be scored in additional categories for full credit. If a
yahtzee is rolled and the corresponding upper section category has already been filled
in, the player must score in any open lower section category under the following rules
given in Table 3. If the corresponding upper section category has already been filled in
and the lower section is entirely filled, then the player must score a zero in one of the
open upper section categories. We are using a strict interpretation of the official rules,
which is sometimes referred to as the forced joker rule.

Lower section
3 of a kind Total of all 5 dice
4 of a kind Total of all 5 dice
Full house 25 points
Small straight 30 points
Large straight 40 points
Chance Total of all 5 dice

TABLE 3: The yahtzee joker values for the lower section.

Probability generating polynomials

Given a discrete random variable X : � → N with probability function P , we denote
the probability that X is equal to the natural number n [i.e., P(X = n)] by pX(n). We
can also define the probability generating function of X, by

GX(x) :=
∞∑

n=0

pX(n)xn.

In other words, GX is a power series in x centered at 0 whose coefficient of xn is the
probability that the random variable X is equal to n. If � is finite, then GX is simply
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a polynomial, and we call it a probability generating polynomial. For the application
of Yahtzee , there are only a finite number of outcomes of a game and thus we will be
working purely with probability generating polynomials. Manipulating these polyno-
mials can be quite useful. For one, note that

pX(n) = G
(n)

X (0)

n!
,

and thus one can easily extract probabilities from the probability generating polyno-
mial. Also, given a random variable S which is a sum of independent random variables
X1, X2, . . . , Xn, say

S =
n∑

i=1

Xi, then GS =
n∏

i=1

GXi
.

For example, suppose X is the discrete random variable corresponding to the roll of
a single die. Then

pX(n) =
{

1/6 1 ≤ n ≤ 6
0 otherwise,

and the probability generating polynomial is given by

GX = x6

6
+ x5

6
+ x4

6
+ x3

6
+ x2

6
+ x

6
.

If we let X1 and X2 each represent the roll of a particular die, then we can model the roll
of two dice by the random variable Y = X1 + X2. Conveniently, the fact mentioned in
the previous paragraph tells us that

GY = GX1 · GX2 = G2
X

= x12

36
+ x11

18
+ x10

12
+ x9

9
+ 5x8

36
+ x7

6
+ 5x6

36
+ x5

9
+ x4

12
+ x3

18
+ x2

36
.

From this, one can quickly determine that the probability of obtaining a 7 when rolling
two dice is exactly 1/6.

Another advantage of working with probability generating polynomials is that one
can easily determine the expectation, variance and standard deviation (as well as other
moments). In particular, the expectation of X (denoted by E(X) or μX) is given by
E(X) = G′

X(1). Similarly, the variance of X is given by

Var(X) = G′′
X(1) + G′

X(1) − [
G′

X(1)
]2

and the standard deviation of X denoted by σX = √
Var(X).

Returning to our dice examples, one can easily compute that

G′
X(x) = x5 + 5x4

6
+ 2x3

3
+ x2

2
+ x

3
+ 1

6

and

G′′
X(x) = 5x4 + 10x3

3
+ 2x2 + x + 1

3
.
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Thus,

E(X) = G′
X(1) = 1 + 5

6
+ 2

3
+ 1

2
+ 1

3
+ 1

6
= 7

2
= 3.5

and

Var(X) = G′′
X(1) + G′

X(1) − [
G′

X(1)
]2

= 35

3
+ 7

2
−

(
7

2

)2

= 35

12
≈ 2.91667.

For two dice, one could perform similar calculations to obtain that E(Y ) = 7 and
Var(Y ) = 35/6 ≈ 5.83333.

Analyzing Yahtzee

This section describes the idea behind our algorithm, but it does not completely
describe every aspect of the implementation. It mostly consists of technical details, so
feel free to skip to the next section if you are more interested in the results.

As mentioned, there are 15 categories that contribute to a Yahtzee score, the 13
scoring categories and the two bonus categories. To simplify things, let us label them:
Ones, Twos, Threes, Fours, Fives, Sixes, Three of a kind, Four of a kind, Full house,
Small straight, Large straight, Yahtzee, Chance, Upper section bonus, and Yahtzee
bonus with the integers from 1 to 15, respectively. Let Xi denote the random variable
corresponding to the ith category on this list. With this setup, the final score can be
regarded as a random variable Y := ∑15

i=1 Xi . Using Mathematica , we wrote an algo-
rithm to compute the probability generating polynomials GXi

(x). With these polyno-
mials one can easily compute the exact expectation and variance of each category.
Since

E(Y ) =
15∑
i=1

E(Xi),

we can also obtain the exact expectation of the game. Unfortunately, we were unable
to obtain GY (x) due to computational limitations and thus we do not have the exact
variance of the final game score. Note that it is not the case that

GY =
15∏
i=1

GXi

as the Xi’s are certainly not independent. For example, it is impossible to earn a
yahtzee bonus without first obtaining a yahtzee.

A game state is a triple (B, y, n) consisting of a subset B of {1, 2, . . . , 12}, an inte-
ger 0 ≤ y ≤ 2 and an integer 0 ≤ n ≤ 63. The subset B tracks whether the categories
1 through 12 are still available on a scorecard (i ∈ B means that the ith category has
previously been scored), y represents the yahtzee category (0 means available, 1 means
this category has previously been scored with a zero, 2 means this category has previ-
ously been scored with fifty points) and lastly n tracks the number of points needed in
the upper section to achieve the upper section bonus. In short, a game state indicates
what a scorecard looks like directly before a new round begins. The starting state is
(∅, 0, 63). Basic combinatorics tells us that the number of game states is equal to

212 × 3 × 64 = 786,432.
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However, many of these states are unreachable from the starting state. For example, the
state ({7, 9, 10, 12}, 2, 20) is unreachable since it would be impossible to have all six
categories in the upper section available, but only need 20 points to achieve the upper
section bonus. It turns out that there are only 2794 ways to have the upper section filled
out along with a specific number of points required to achieve the upper section bonus
so of these 786,432, only

2794 × 26 × 3 = 536,448

are reachable game states.
Consider the directed graph G whose vertices are the reachable game states, with

a directed edge between two vertices g1 and g2 if it is possible to start in state g1 and
reach state g2 by playing a single round. An example of an edge in G is shown below.
Try to determine what was scored to move from the state on the left to the one on the
right.

({1, 3, 4, 7, 9, 12} , 1, 41) → ({1, 2, 3, 4, 7, 9, 12} , 1, 33)

To each reachable state g, one can assign a sequence of generating polynomials of
length 15, {GX

g
i
}15
i=1, where X

g

i represents the random variable for that particular cate-
gory given that a player is currently at state g (that is, it represents the random variable
for points to come in the future). All scoring categories i which have already been used
must then have GX

g
i

= 0. One can simply differentiate these polynomials and evalu-
ate at 1 to obtain the expected additional points in each open category from this state
forward, and summing these expectations yields the total expected additional points,
denoted simply by Eg. Certainly all states g which have no available categories will
satisfy Eg = 0, as the expected additional points to be achieved after a scorecard is
already full is 0. When g is the starting state, we have that X

g

i = Xi defined in the sec-
ond paragraph of the section. The remainder of this section explains how our algorithm
calculates these generating polynomials for an arbitrary game state.

Similar to game states, one can introduce a roll state. Suppose a player is at a fixed
game state g. A roll state is a pair consisting of a subset of the multiset {15, 25, . . . , 65}
having cardinality 5, which represents the dice in front of the player at a current
moment (either kept or rolled from a previous decision), and an integer 0 ≤ n ≤ 2
indicating how many modifications could be made from this point forward. To allow
a player to keep his or her current hand, we will extend the idea of a modification to
include keeping every die and rerolling none. Basic combinatorics tells us that there
are 3

(10
5

) = 756 such roll states associated with this particular game state. Similarly,
one can construct a directed graph R whose vertices are the roll states, with a directed
edge between two vertices r1 and r2 if one can make a modification at roll state r1 and
reach roll state r2. To each roll state r , one can again assign a sequence of generat-
ing polynomials of length 15, {GX

g,r
i

}15
i=1 where X

g,r

i represents the random variable
for that particular category given that the player is currently at game state g and roll
state r (so, just as before, it represents the random variable for points to come in the
future). Again, all scoring categories i which have already been used must then have
GX

g,r
i

= 0.
Imagine a Yahtzee player currently at the game state g. Let Wg denote the set of

game states w such that it is possible to reach w from g by playing a single roll, and
assume that EXw is known for every w ∈ Wg. Note that each w ∈ Wg will have one
fewer empty category than g.

Suppose further that the player has just completed a roll from this game state g =
(B, y, n) and needs to score his or her hand (i.e., he or she is at a roll state r such that
no more manipulations can be made). At this point, if the player were to score in the
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open category j ∈ Bc to arrive at the game state w ∈ Wg, there would be a contribution
to their score from this category, denoted by the integer sj , and a contribution from the
future in all open categories, denoted by Ew. The algorithm maximizes sj + Ew over
all j ∈ Bc and sets

GX
g,r
i

=
{

GXw
i

i �= j,

xsj i = j

for the optimal j . Some care must be taken here for the yahtzee bonus category (being
the only category that can be scored in multiple rounds), so instead of replacing the
j th part, we add onto it.

Instead, suppose that the player is in the middle of a roll. In other words, he or
she is at the game state g and a roll state r where modifications need to be made.
Let Vr = {v1, . . . , vn} denote the set of roll states v such that it is possible to reach
v from r by making a single modification. Each vi will allow one fewer modification
than r . Of course, while playing a roll, a player gets to choose which modification
to make and thus has influence on the probabilities that they land in state vj after
making a modification. The algorithm simply optimizes over all possible choices and
once this optimal modification is found, there is a probability associated with each vj ,
P(r → vj ) which denotes the probability that the player will transition from state r to
state vj after making the optimal modification. The algorithm then sets

GX
g,r
i

=
n∑

j=1

P(r → vj ) · G
X

g,vj
i

.

When rolling five dice, the probability that one rolls the subset

S = {1m1, 2m2, . . . , 6m6}
is exactly

1

65

(
5

m1, . . . , m6

)
.

Thus, this also corresponds to the probability that one will land in the roll state having
subset S with two remaining modifications after the first five dice are thrown during
a player’s roll. This allows us to obtain the probability generating polynomials for the
game state g, by setting

GX
g
i

=
∑

r

1

65

(
5

m1, . . . , m6

)
GX

g,r
i

,

where the sum is over all games states r with subset S having 2 modifications.
In case you missed it, we just sneaked a proof by double induction past you showing

that we can correctly compute GX
g
i

for an arbitrary game state g and all 1 ≤ i ≤ 15.
Now on to the fun stuff!

Distributions by category

Upper section and yahtzee bonus Figure 1 shows the probability function for the
random variable Xi described in the previous section for 1 ≤ i ≤ 6, as a bar chart.
These i correspond to the categories in the upper section of the scorecard. The x-axis
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Figure 1 The probability distributions for the upper section. Note that the online version
of this article contains color diagrams.

represents the number of dice that get scored in the category and the y-axis represents
the probability of scoring said number of dice. Notice that as i increases the area
shown in these graphs tend to shift right. This should make intuitive sense as 6’s are
more valuable than 1’s when scoring and will allow a player to more easily achieve
the upper section bonus. An optimal player chooses to score a 0 in the ones category
approximately 10% of the time, which is quite high considering how easy it is to roll
at least a single 1 during a roll. The conclusion here is that the ones category is often
used as a throw-away category, meaning that one would choose to score zero points in
it to allow more valuable categories to remain open.

As for the yahtzee bonus, it sounds very enticing to a player, but it turns out not to
have a significant impact on the final score. Figure 2 contains a bar chart representing
the probability distribution for the yahtzee bonus category. In this chart, the x-axis
represents the number of yahtzee bonuses a player earns throughout the game, and the
y-axis represents the logarithm (base 10) of the probability. The probability that one
earns 4 yahtzee bonuses during a game is approximately 0.00008; the probability of
obtaining a yahtzee on every roll of a game is approximately 4 · 10−19, which is about
as likely as winning the Powerball lottery twice in a row.

Three of a kind, four of a kind and chance These categories are unique in the
sense that when scoring them, the value of the score is the sum of the dice in the
hand (assuming that the requirements for the particular category are met). Thus, in
Figure 3 we again provide a bar chart where the y-axis represents probability, but the
x-axis represents the sum of the dice. This sum will either be interpreted as 0 (if one
fails to meet the requirements), or anywhere from 5 to 30. It is very natural to expect
unimodality of these probabilities (meaning that the probabilities increase to a point
and then decrease), but only chance has that property. Three of a kind is extremely
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Figure 2 The semilog plot of the probability distribution for yahtzee bonus.

Figure 3 The probability distributions for three of a kind, four of a kind and chance.

close to having this property, but indeed fails. Observe in Figure 3 that one is more
likely to score either 25 or 27 than 26 in the three of a kind category.

Full house, small straight, large straight, yahtzee and upper section bonus These
categories are also unique, but due to the fact that when scoring them, one either scores
a prescribed fixed number of points or 0 points. For these categories we present Table 4,
a table of probabilities. This table indicates the probability that one achieves a nonzero
score in each particular category. A quick glance at the table reveals that under optimal
play, a player would obtain a yahtzee in approximately one out of every three games.
It’s also worth noting that the upper section bonus is achieved in approximately 68%
of games, indicating that achieving the upper section bonus is an important aspect of
optimal play!

Category Approximate probability of nonzero score
Full house .90

Small straight .98
Large straight .82

Yahtzee .34
Upper section bonus .68

TABLE 4: Probabilities of nonzero scores in several categories
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Expectation and standard deviation by category

The expectation of each category can be calculated easily, with the results shown by
category in Figure 4. After a quick inspection, one notices that the large straight cat-
egory contributes the greatest number of expected points to the final score. We can
also compute the standard deviations by category, which are shown in Figure 5. The
yahtzee and yahtzee bonus categories have a high standard deviation associated with
them. However this should not come as a surprise; they are extremely valuable, yet
difficult to obtain.

Figure 4 Expectations by category.

Figure 5 Standard deviations by category.

The expectation of solitaire Yahtzee

As mentioned before, we do have exact values for all of these probabilities and expec-
tations shown in the preceding figures. To obtain the exact expectation of the game,
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we simply to need to sum the expectations over each category. However, there is quite
a bit of complexity in obtaining these values so it may not be surprising to learn that as
a rational number in reduced form, the numerator and denominator of the expectation
of Yahtzee are extremely large integers. It is displayed below with the rational number
squeezed onto a single line.

The numerator of this rational number has 140 digits and the denominator has 138.
It is approximately equal to 254.58772873449589123, which matches the results of
Verhoeff [2] to two decimal places. One reason for this discrepancy could be to a dif-
ferent interpretation of the joker rules. Unfortunately due to computational limitations,
we were unable to obtain the exact standard deviation of the game (although Verhoeff
[2] provides numerical estimates).

Figure 6 Probability distributions by round.
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Results by round

After obtaining the probability generating polynomial for the random variable X
g

i for
each game state g and category 1 ≤ i ≤ 15, we chose to investigate the round in which
a particular category is scored. Thus, for each scoring category, 1 ≤ i ≤ 13 we intro-
duce a new random variable, Ri which corresponds to the round in which the player
enters a score into the ith category.

Figure 6 depicts the probability function for the random variable Ri as a bar chart.
The two remaining scoring categories (upper section bonus and yahtzee bonus) do
not have a corresponding random variable. The reason for this is that a player may
never achieve an upper section bonus, and in the case of the yahtzee bonus, he or she
may earn it multiple times. These two categories are treated separately and their cor-
responding bar charts do not reflect probability functions, but are very similar (hence
the different color in Figure 6). For the upper section bonus, the bar heights represent
the probability that one achieves the upper section bonus in the corresponding round.
As mentioned, it closely resembles a probability function, but the area will not sum to
one. For the yahtzee bonus, the bar heights represent the probability that one earns a
yahtzee bonus in the corresponding round. The first column of the chart corresponding
to the yahtzee bonus is of height zero as it is impossible to earn this bonus in the first
round (a player must first have scored a yahtzee before it can be earned).

Decision to score Exp. score Decision to score Exp. score

50 in Yahtzee 320.831 4 in Ones 248.065

24 in Sixes 268.232 6 in Twos 247.600

20 in Fives 264.483 30 in Small straight 246.555

40 in Large straight 261.531 26 in Chance 245.958

16 in Fours 261.048 3 in Ones 245.324

12 in Threes 257.401 25 in Chance 244.958

28 in Three of a kind 253.957 24 in Chance 243.958

25 in Full house 253.909 23 in Chance 242.958

8 in Twos 253.268 2 in Ones 242.384

27 in Three of a kind 252.957 22 in Chance 241.958

26 in Three of a kind 251.957 4 in Twos 241.753

25 in Three of a kind 250.957 21 in Chance 240.958

18 in Sixes 250.526 20 in Chance 239.958

15 in Fives 249.982 6 in Threes 239.951

12 in Fours 249.415 1 in Ones 239.629

9 in Threes 248.725 19 in Chance 238.958

TABLE 5: The ranked decisions at the end of the first roll.



VOL. 95, NO. 3, JUNE 2022 217

Here is a short list of observations that we found interesting:

1. It is never appropriate to score in the four of a kind category during the first round.
2. The large straight category is significantly more likely to be scored in the last round

than any other.
3. The yahtzee category is typically scored late in the game, meaning that it is not in

a player’s best interest to use this as a throw-away category early on.
4. It is extremely likely that during the course of a game one will obtain a full house

and a small straight. Their probability distributions indicate that they are more
likely to be scored in the early rounds.

5. The probability of earning a yahtzee bonus in any particular round is at most
approximately 1%.

Rank of hands at the end of first round

In Table 5, we provide a full list of the possible approximate expected scores (from best
to worst) that the optimal player might end up with after completing a roll in round
one. If you were wondering where the optimal player would score a particular hand on

Open category Expected value Standard deviation

Ones 455/216 ≈ 2.10648 25
√

91/216 ≈ 1.10410

Twos 455/108 ≈ 4.21296 25
√

91/108 ≈ 2.20819

Threes 455/72 ≈ 6.31944 25
√

91/72 ≈ 3.31229

Fours 455/54 ≈ 8.42593 25
√

91/54 ≈ 4.41639

Fives 2275/216 ≈ 10.5324 125
√

91/216 ≈ 5.52048

Sixes 455/36 ≈ 12.6389 25
√

91/36 ≈ 6.62458

Three of a kind
114845383

7558272
≈ 15.1947

√
6163759578782159

7558272
≈ 10.3872

Four of a kind
56548607

10077696
≈ 5.61126

√
9480311223232511

10077696
≈ 9.66162

Full house
11530925

1259712
≈ 9.15362

35875
√

178847

1259712
≈ 12.0437

Small straight
1676190395

90699264
≈ 18.4807

5
√

70050512568832895

90699264
≈ 14.5906

Large straight
6497333405

612220032
≈ 10.6127

25
√

187034504366754983

612220032
≈ 17.6601

Chance 70/3 ≈ 23.3333
√

10 ≈ 3.16228

Yahtzee
8697425

3779136
≈ 2.30143

125
√

100338713255

3779136
≈ 10.4774

TABLE 6: Expected score and standard deviation on the final round of the game (ignoring
bonuses) by open category.
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their scorecard in this round, he or she would make the best decision on this list that
is compatible with their hand. Every possible hand will be compatible with at least
one decision on this list and any decision that does not appear would not be optimal.
Many conclusions can be drawn from this data. For example, if one ends up with a full
house, he or she would always score it as 25 points in the full house category except
for in one specific situation. A player finishing the first round with the hand

should instead score this hand as 28 points in the three of a kind category. It is also
worth noting how valuable obtaining a yahtzee is in the first round. A player needs to
end up with either a large straight, a four of a kind (with 3′s or higher), or a yahtzee to
be “ahead” after the first round.

Expectation and standard deviation on the final round

In the previous section we examined the ranking of the hands for scoring in the first
round. Now let us examine the other extreme, the final round of the game. In this
round, the player will have exactly one open scoring category remaining and thus the
strategy for the player is to maximize the points in that specific category. Because
of the simplicity of these calculations, the probabilities as rational numbers are the
quotient of integers that are reasonably sized for print. In Table 6, we provide the exact
(and approximate) expectation and standard deviation for the number of points to be
scored in the final round for each scoring category. These values assume that the player
cannot obtain points from either the upper section bonus or the yahtzee bonus.

Roll 1:
Dice kept Exp. score

251.131

250.420

249.879

249.874

249.607

Roll 2:
Dice kept Exp. score

249.936

249.729

249.711

249.607
None 249.472

Roll 3:
Dice kept Exp. score

249.936

249.828

249.729

249.711

249.607

Roll 4:
Dice kept Exp. score

259.646

256.219

253.935

253.909

251.706

TABLE 7: Expected scores for the top 5 decisions in each of the challenge rolls.
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Solutions to challenge

At the beginning of the article in Table 1, we proposed four possible opening rolls
(shown again below) and asked which dice should be kept. In Table 7, we present,
for each roll, the best five decisions and the player’s approximate expected score upon
making each decision. How did you fare?
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During a visit home in India, one winter morning, I was playing with a chain of
beads that belongs to my mother, whimsically holding the chain to make shapes like
the one shown in Figure 1. I had been fascinated by the catenary since my college days,
and to play with a shape that was made of two catenaries coming from one single chain
was just a little addictive.

Figure 1 Playing with the chain to make a double catenary shape.

Then, suddenly, a mechanics question came to mind that relates to the stability of
the double catenary shape. Before getting into the details of that question, let us briefly
go over the pertinent basics.

A uniform, inextensible, ideal chain (or rope, or cable, whatever one prefers to
call it), when hanging at rest under gravity, forms a catenary shape described by the
equation of the form (see Douglas [2])

y∗ = a∗cosh

(
x∗ − b∗

a∗

)
+ c∗ (1)

where x∗ and y∗ are the dimensional horizontal and vertical coordinates, respectively.
In general, quantities denoted by asterisks are dimensional. The constant a∗ is equal
to the radius of curvature of the catenary at its vertex and is a measure of the “size” of
the catenary. The constants b∗ and c∗ are arbitrary and do not change the shape of the
catenary, but rather dictate the horizontal and vertical positions of its vertex.

Let us consider a single closed chain of fixed length L∗ that is draped over two
frictionless pointlike pins fixed in place at the same vertical height, separated by a
horizontal distance D∗. When the chain has attained its equilibrium configuration, we
should have two catenaries as shown in the schematic in Figure 2, with one having,
say, length l∗1 , and the other one having length l∗2 = (L∗ − l∗1 ).

The question that came to my mind, and the one that happens to be the essence
of this paper, is as follows: What configuration of the double catenary shape will be
one of stable equilibrium? We start by focusing our attention on the configuration that

Math. Mag. 95 (2022) 220–229. doi:10.1080/0025570X.2022.2055335 c© Mathematical Association of America
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Figure 2 A configuration of two catenaries formed by draping a single chain around two
smooth pins located at the same vertical height.

consists of two identical catenaries of the same length, since it is somewhat straight-
forward to show that it is an equilibrium configuration. However, will it be stable or
unstable? If it is unstable, what configuration will pertain to stable equilibrium in that
case?

We first need to remind ourselves that at any equilibrium configuration, the grav-
itational potential energy of the system will be at a local extremum (see Taylor [4]).
Depending on if the equilibrium is stable or unstable, the potential energy is at a local
minimum or a maximum, respectively, (see Taylor [4]).

Before delving deeper into the analysis, let us first derive the mathematical depen-
dence of the gravitational potential energy p∗ as a function of the length l∗ of a single
catenary hanging from the two pins since that will be an important component of our
calculations.

The dependence of the gravitational potential energy as a function of
length for a single catenary

Without loss of generality, let us take the coordinates of the two pins to be
(−D∗

2 , 0
)

and
(

D∗
2 , 0

)
, respectively. Then, from equation (1), we obtain: b∗ = 0 and c∗ =

−a∗ cosh
(

D∗
2a∗

)
, so that the equation of any catenary hanging from the two pins

becomes

y∗ = a∗ cosh

(
x∗

a∗

)
− a∗ cosh

(
D∗

2a∗

)
. (2)

Now, a length element ds∗ is given by

ds∗ = √
dx∗2 + dy∗2 = √

1 + (dy∗/dx∗)2dx∗.

Hence, the length l∗ of the catenary in question will be

l∗ =
∫ D∗/2

−D∗/2

√
1 + (dy∗/dx∗)2 dx∗. (3)

However, from equation (2), we get after differentiating:

dy∗

dx∗ = sinh

(
x∗

a∗

)
. (4)

Making use of the identity (see Weisstein [5])

cosh2 θ − sinh2 θ = 1, (5)
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and then completing the integration for (3) using the standard integral (see Weis-
stein [6]) ∫

cosh θ dθ = sinh(θ) + C1, (6)

we obtain:

l∗ = 2a∗sinh

(
D∗

2a∗

)
. (7)

It is worth noting that a∗ happens to be a monotonically decreasing function of l∗,
with

lim
l∗→D∗(a

∗) = ∞ and lim
l∗→∞

(a∗) = 0.

Now, the gravitational potential energy dp∗ of a length element ds∗ is given by (see
Serway [3])

dp∗ = λ∗(ds)∗g∗y∗ = λ∗g∗y∗√1 + (dy∗/dx∗)2 dx∗

where λ∗ is the uniform linear mass density of the chain, and g∗ is the acceleration of
gravity.

Hence, the gravitational potential energy p∗ of the whole length l∗ of the catenary
is obtained through:

p∗ =
∫ D∗/2

−D∗/2
λ∗g∗y∗√1 + (dy∗/dx∗)2 dx∗. (8)

Using the identity cosh(2θ) = 2 cosh2 θ − 1 [5], along with the integral in equa-
tion (6) we can derive the integral:

∫
cosh2 θ dθ = 1

4
sinh(2θ) + θ

2
+ C2. (9)

Using the expression of y∗ from equation (2) and (dy∗/dx∗) from equation (4),
identity equation (5), along with the integrals in equations (6) and (9), we complete
the integration in equation (8) to obtain, after some rearranging:

p∗ = λ∗g∗
{

D∗a∗

2
− a∗2

2
sinh

(
D∗

a∗

)}
. (10)

At this point, without loss of generality, we define some pertinent dimensionless
quantities:

x = x∗/D∗ y = y∗/D∗

a = a∗/D∗ l = l∗/D∗

p = p∗/(λ∗g∗D∗2),

where we choose D∗ to be the natural length scale of the system since it is the same
for both catenaries.
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From equation (7), we can now write, for the dimensionless length of the catenary,

l = 2a sinh

(
1

2a

)
, (11)

whereas, from equation (10), we write, for the dimensionless potential energy,

p = a

2
− a2

2
sinh

(
1

a

)
. (12)

Equations (11) and (12) together give the implicit dependence of p versus l through
the parameter a since p cannot be expressed as a function of l in an explicit, closed-
form manner.

Now, utilizing the chain rule, we can write:

dp

dl
= dp/da

dl/da
. (13)

From equation (11), we derive:

dl

da
= 2 sinh

(
1

2a

)
− 1

a
cosh

(
1

2a

)
, (14)

and from equation (12), we derive:

dp

da
= 1

2
− a sinh

(
1

a

)
+ 1

2
cosh

(
1

a

)
. (15)

However, using the identities

sinh(2θ) = 2 sinh θ cosh θ and cosh(2θ) = 2 cosh2 θ − 1,

we can simplify equation (15) to

dp

da
= cosh

(
1

2a

) [
cosh

(
1

2a

)
− 2a sinh

(
1

2a

)]
. (16)

Now, using equations (13), (14), and (16), we obtain after simplifying:

dp

dl
= −a cosh

(
1

2a

)
. (17)

This derivative approaches negative infinity in both the limits l → 1 (i.e., a → ∞)

and l → ∞ (i.e., a → 0), as shown in the plots of p versus l in Figures 3 and 4,
respectively. It can be shown that the functional dependence approaches p = − 1

4 l
2 for

large values of l.
The behavior seen in the plots in Figures 3 and 4 indicate that there must be an

“inflection point” somewhere on the graph, where
d2p

dl2
= 0.

Deriving the expression for

{
d

da

(
dp

dl

)}
from equation (17), resorting once more

to equation (14), and then making use of

d2p

dl2
=

{
d

da

(
dp

dl

)}
da

dl
,
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Figure 3 The dimensionless gravitational potential energy p plotted against the dimen-
sionless length l of the catenary for small values of l.

Figure 4 The dimensionless gravitational potential energy p plotted against the dimen-
sionless length l of the catenary for large values of l.

we obtain after simplifying:

d2p

dl2
= 1

2

(
sinh(1/2a) − 2a cosh(1/2a)

2a sinh(1/2a) − cosh(1/2a)

)
. (18)

For the critical value of a, denoted by ac, which corresponds to
d2p

dl2
= 0, we get

from equation (18), after some rearranging, that ac is given by the transcendental equa-

tion: 1
2ac

= coth
(

1
2ac

)
. Solving this equation numerically yields: ac ≈ 0.41678, which,

in turn, with the use of equation (11), gives the dimensionless critical length lc to be

lc ≈ sinh(1.19967)

1.19967
≈ 1.2577. (19)

The significance of this notion of the critical length will be evident in our subsequent
analysis.

Furthermore, using equation (18), it can be verified that
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

d2p

dl2
> 0, for l < lc, (i.e., a > ac),

d2p

dl2
< 0, for l > lc, (i.e., a < ac),

(20)

as suggested by the plots in Figures 3 and 4.
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The conditions for equilibrium of the whole chain forming a double
catenary

For the whole chain of fixed length L∗ (which must obviously satisfy L∗ > 2D∗)
draped over the pins in the shape of the double catenary, let us denote the dimensionless
lengths of the two catenaries by l1 and l2, respectively. We have,

l1 + l2 = L. (21)

where L is the dimensionless fixed length of the whole chain.
Now, if the dimensionless gravitational potential energies of the two catenaries are

p1 and p2, respectively, then the total dimensionless potential energy P of the whole
chain is given by

P = p1 + p2. (22)

Since the total length L is fixed, the constraint equation (21) deems the configura-
tion a system with one degree of freedom. Treating l1 as the independent variable, we
differentiate both sides of equation (22) to obtain:

dP

dl1
= dp1

dl1
+ dp2

dl1
. (23)

However, differentiating both sides of equation (21), we get, after rearranging,

dl2

dl1
= −1, (24)

which allows us to conclude, from equation (23):

dP

dl1
= dp1

dl1
− dp2

dl2
. (25)

Recalling the principle that the potential energy must be an extremum (i.e.,
dP

dl1
=

0) at the equilibrium configuration, we can write from equation (25), that the condition

dp1

dl1
= dp2

dl2
(26)

must hold at equilibrium.
Regarding stability, the equilibrium will be stable or unstable, depending on

whether the potential energy will be a local minimum (i.e.,
d2P

dl2
1

> 0) or a maxi-

mum (i.e.,
d2P

dl2
1

< 0), respectively. Differentiating equation (25) one more time with

respect to l1, and using equation (24), we obtain:

d2P

dl2
1

= d2p1

dl2
1

+ d2p2

dl2
2

.

Hence, we can write:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

d2p1

dl2
1

+ d2p2

dl2
2

> 0 for stable equilibrium,

d2p1

dl2
1

+ d2p2

dl2
2

< 0 for unstable equilibrium.

(27)
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Writing the equilibrium conditions for the whole chain in the forms as in equations
(26) and (27) is helpful, since p2 has the same functional form in terms of l2 as p1 has
in terms of l1, namely the form given by equations (11) and (12) together, depicted in
the plots in Figures 3 and 4.

Investigating the configuration of two identical catenaries

For the configuration consisting of two identical catenaries, we will have: l1 = l2 =
L/2. Hence, at that configuration,

dp1

dl1
=

(
dp

dl

)
l=L/2

dp2

dl2
=

(
dp

dl

)
l=L/2

,

thus satisfying the equilibrium condition in equation (26). Hence, we can infer that:
The configuration of the two identical catenaries will always be an equilibrium con-
figuration.

Once again, since at this configuration we have l1 = l2 = L/2, what also holds for
this configuration is

d2p1

dl2
1

+ d2p2

dl2
2

= 2

(
d2p

dl2

)
l=L/2

.

Combining equation (27) with equations (19) and (20), we obtain the condition that
dictates if the configuration under consideration is stable: The configuration of the two
identical catenaries is stable if L < Lc and unstable if L > Lc, where Lc = 2lc ≈
2.5154.

What about the transition point itself, namely when L = Lc? Since both

(
dP

dl1

)
l1=L/2

and

(
d2P

dl2
1

)
l1=L/2

become zero at the transition point, we need to investigate the

higher-order derivatives. As we did for
(

dP

dl1

)
, we can show in similar fashion that

any odd-order derivative of P with respect to l1 will vanish at l1 = L/2. Hence,(
d3P

dl3
1

)
l1=L/2

= 0, including when L = Lc.

However, for any even-order derivative of P with respect to l1, we can show in the

same fashion as we did for

(
d2P

dl2
1

)
, that its value at l1 = L/2 is twice the value of the

corresponding derivative of p1 with respect to l1. Hence,
(

d4P

dl4
1

)
l1=L/2

= 2

(
d4p1

dl4
1

)
l1=L/2

. (28)

Now, differentiating equation (18) twice, and using equation (14) as needed, we
obtain after simplifying:

d4p

dl4
= 1

8a2

(
16a2 sinh(1/2a) + 3 sinh(1/2a) − 8a cosh(1/2a)

(cosh(1/2a) − 2a sinh(1/2a))5

)
.
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Through direct enumeration at l = lc ≈ 1.2577 (i.e., a = ac ≈ 0.41678), we get(
d4p

dl4

)
l=lc

≈ 38.0. Hence, using equation (28), we obtain that at the transition point

of L = Lc = 2lc, we have that

(
d4P

dl4
1

)
l1=L/2=Lc/2

≈ 76.0. Since the above value is

positive, and all lower order derivatives are zero at this point, we infer that: At the
transition point itself, the configuration of two similar catenaries still corresponds to
a local minimum of the gravitational potential energy, and hence that configuration is
still a stable equilibrium.

Figure 5 shows the plot of the dimensionless gravitational potential energy P of the
whole chain against l1, for values of L less than (Figure 5a), equal to (Figure 5b), and
greater than Lc (Figure 5c), capturing the nature of the extremum at the configuration
of the two similar catenaries, i.e., l1 = L/2.

Figure 5 The total gravitational potential energy P plotted against l1 for: (a) L = 2.1,
showing a local minimum at the midpoint l1 = L/2; (b) the transition point of L = Lc =
2.5154, showing a flat minimum at the midpoint l1 = L/2; (c) L = 3.0, showing a local
maximum at the midpoint l1 = L/2, along with two newly emerged local minima sym-
metrically situated about the midpoint on the two sides.

The general solution for equilibrium

Combining equations (17) and (26), the general equilibrium condition can be written
as

a1 cosh

(
1

2a1

)
= a2 cosh

(
1

2a2

)
, (29)

while using equation (11) and (21) we retain the constraint of fixed total length of the
chain:

2a1 sinh

(
1

2a1

)
+ 2a2 sinh

(
1

2a2

)
= L. (30)
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Solving the transcendental equations (29) and (30) yield the values of a1 and a2 that
correspond to equilibrium, from which we can determine l1 and l2 using equation (11).

It is worth noting that the trivial solution of l1 = L/2 and l2 = L/2 (i.e., the solution
of two similar catenaries) is always a solution for any given length L of the chain
(which must, of course, satisfy L > 2).

However, it can be shown that when L ≤ Lc, the above solution is the only solution,
which, as shown already, happens to correspond to a stable equilibrium. When L >

Lc however (when the solution of the two similar catenaries becomes unstable, as
shown already), it can be shown that exactly two more degenerate solutions emerge
(as manifested in the potential energy diagram, Figure 5c) symmetrically about the
l1 = L/2 mark, both of which correspond to stable equilibrium configurations.

For example, when L = 3.0, a numerical solution gives us a1 ≈ 0.847; a2 ≈ 0.235,
which, in turn, yields l1 ≈ 1.059; l2 ≈ 1.941, along with the degenerate solutions
a1 ≈ 0.235; a2 ≈ 0.847, implying l1 ≈ 1.941; l2 ≈ 1.059. These are the two stable
equilibrium points symmetrically located around the l1 = L/2 mark, as captured in
Figure 5c. The corresponding catenary segments are plotted in Figure 6.

Figure 6 The two catenaries formed at the stable equilibrium configuration for L = 3.0.
The endpoints (pins) have coordinates (− 1

2 , 0) and ( 1
2 , 0).

Further physical insight

It turns out that there is another physical interpretation of the conditions for equilib-
rium of the double catenary and the nature of the equilibrium, besides the one involv-
ing the extremum of the total gravitational potential energy. If T is the tension at either
endpoint of a single catenary (i.e., in this paper, the tension in the chain where it meets
either pin), then the condition for equilibrium can also be written as T1 = T2, implying
that, at equilibrium, the endpoint-tensions in the two catenaries must be the same!

In addition, the following relations govern the nature of the equilibrium:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dT1

dl1
+ dT2

dl2
< 0 for stable equilibrium,

dT1

dl1
+ dT2

dl2
> 0 for unstable equilibrium.

(31)

Concluding remarks

It so happens that there is a subtle connection between the solutions obtained for the
double catenary in the present problem and the two catenaries referred to as the “flat
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catenary” and the “deep catenary” (see Arfken [1]) in the context of the classic problem
of the minimization of a surface area of revolution. I intend to present that finding
separately in a future communication.

REFERENCES

[1] Arfken, G. B., Weber, H. J. (2005). Mathematical Methods of Physicists, 6th ed. Amsterdam: Elsevier.
[2] Douglas, D. A. (1986). Classical Mechanics. New York: Academic.
[3] Serway, R. A., Jewett Jr., J. W. (2004). Physics for Scientists and Engineers, 9th ed. Belmont, CA:

Brooks/Cole Publishing.
[4] Taylor, J. (2005). Classical Mechanics. Sausalito, CA: University Science Books.
[5] Weisstein, E. W. (2022). “Hyperbolic Functions.” From MathWorld—A Wolfram Web Resource. http://

mathworld.wolfram.com/HyperbolicFunctions.html
[6] Weisstein, E. W. (2022). “Hyperbolic Cosine.” From MathWorld—A Wolfram Web Resource. http://

mathworld.wolfram.com/HyperbolicCosine.html

Summary. In this paper, we study the static equilibrium of a double catenary formed when a closed, ideal chain
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Curves on surfaces curve for two reasons:

(1) They must—the surface on which they reside is itself curved.

(2) They feel like it—they curve more than the surface forces them to.

Curves that curve as little as possible, and therefore curve only because they must,
are called geodesics. These are the analogues of straight lines in the plane, and they
minimize the distance between two sufficiently close points.

Finding the geodesics on a given surface is a central problem in the differential
geometry of curves and surfaces. After the plane, the sphere provides an example
where the geodesics are as simple as can be: they are all great circles. To seek a surface
with more interesting and varied geodesics, it is natural to consider the torus, which
indeed yields a much richer collection of geodesics. The first complete classification
of the geodesics on the torus was given by G. A. Bliss in his article “The geodesics
on the anchor ring” [2] which appeared in 1902 in the Annals of Mathematics. Bliss’s
treatment, which is based on a calculus of variations argument, is not an easy read, and
it is hardly self-contained, referencing a number of nineteenth century sources that
now would be difficult to find.

Over time, the simpler aspects of this classification have been distilled to the point
where they appear as exercises in modern differential geometry textbooks [3, 8] and
are sometimes used as qualifying examination problems for graduate students in math-
ematics. But still this beautiful classical material, which so well illustrates the beauty,
power, and perspective of differential geometry, is not easily accessible to most under-
graduates. This is due, in part, to the formalities of Riemannian geometry that are nor-
mally used to explain it. Here, we arrive at a classification of the geodesics on a torus
using only simple tools from standard introductory courses in single and multivariable
calculus, without any specialized language or notation from differential geometry. In
particular, we discern the subtle long-term behavior of a geodesic on a torus based on
the angle it makes as it crosses the equator of the torus. (See Figure 1.∗) Our version
of this story has been used numerous times as the basis of a single, self-contained lec-
ture on this material, successfully delivered to a multivariable calculus class. We hope
that others can make similar use of these “lecture notes.” More generally, we hope our
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study can serve as a model for clarifying and simplifying other great stories so that
they also can be told effectively to students in our introductory calculus sequences.

Figure 1 A geodesic γ (red) crossing the outer parallel (blue)

Surfaces of revolution

A surface of revolution is a surface S obtained by rotating a (C2 smooth) curve C that
lies in some plane around an axis that lies in that same plane. The curve C is called the
profile curve of S. We take the xz-plane as the plane of the profile curve and the z-axis
as the axis of rotation. (See Figure 2.)

Figure 2 A surface of revolution

We parametrize the profile curve C by

(x, z) = (f (v), g(v))

for a real variable v. To ease calculations, we assume that the parameterization is unit
speed. The resulting surface of revolution S is parameterized by

X(u, v) = (f (v) cos u, f (v) sin u, g(v)), 0 ≤ u < 2π, (1)

where ‖Xv‖ = (f ′)2 + (g′)2 = 1. The unit speed condition also implies that
Xvv · Xv = 0, as the reader can easily verify. Also note that for a surface of revo-
lution parameterized as above, Xu · Xv = 0.
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The horizontal circles described by equations of the form v ≡ constant are the par-
allels of S. The rotated copies of the profile curve described by equations of the form
u ≡ constant are the meridians of S.

Example 2.1. A sphere of radius r , S2(r), is a surface of revolution whose profile
curve C is a semicircle of radius r in the xz-plane centered at (x, z) = (0, 0). (See
Figure 3a.) We parameterize C by

(x, z) = (f (v), g(v)) = (r cos v, r sin v), −π

2
≤ v ≤ π

2
,

resulting in the parameterization of S2(r):

X(u, v) = (r cos v cos u, r sin v sin u, r sin v) , 0 ≤ u < 2π.

Example 2.2. A torus T 2(r1, r2), with inner and outer radii r1 and r2, respectively, is
a surface of revolution whose profile curve C is a circle of radius r2−r1

2 in the xz-plane
centered at (x, z) = (

r1+r2
2 , 0). (See Figure 3b.) We parametrize C by

(x, z) = (f (v), g(v))

=
(

r1 + r2

2
+ r2 − r1

2
cos v,

r2 − r1

2
sin v

)
, 0 ≤ v < 2π,

and for u ∈ [0, 2π), we have the resulting parametrization of T 2(r1, r2):

X(u, v) = (x, y, z),

where

x =
(

r1 + r2

2
+ r2 − r1

2
cos v

)
cos u,

y =
(

r1 + r2

2
+ r2 − r1

2
cos v

)
sin u

z = r2 − r1

2
sin v.

Figure 3 Profile curves
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Geodesics on a surface of revolution

Intuitively, a geodesic on a surface S is a (C2 smooth) curve γ : (a, b) → R
3 that

curves only as much as it needs to in order to stay on S. If such a curve γ lies on S,
then for each s ∈ (a, b), the vector γ̈ (s) breaks into components normal and tangent
to S,

γ̈ (s) = γ̈ (s)⊥ + γ̈ (s)tan.

The normal component is the curvature of γ imposed on it by the shape of S, and
κn = ‖γ̈ (s)⊥‖ is called the normal curvature. The tangential component measures any
“extra” curvature of γ relative to S, and κg = ‖γ̈ (s)tan‖ is called the geodesic curva-
ture. Recall that the spacial curvature of a unit-speed γ is given by κ(s) = ‖γ̈ (s)‖.
The three curvatures associated with γ have a nice Pythagorean relationship given by

κ2 = κ2
n + κ2

g ,

and γ is a geodesic when κg = 0. For a surface of revolution parameterized as in
equation (1):

γ̈ (s)tan = γ̈ · Xv + γ̈ · Xu.

It follows that γ is a geodesic precisely when

γ̈ · Xv = 0 and γ̈ · Xu = 0. (2)

The geometric conditions in equation (2) can be can be rewritten as two second-
order differential equations for the functions u(s) and v(s) that define γ . We assume
the parametrization in equation (1) so that

γ (s) = X(u(s), v(s)).

Careful application of the chain rule yields expressions for velocity and acceleration:

γ̇ (s) = Xuu̇(s) + Xvv̇(s),

and

γ̈ = (Xu)
′u̇ + Xuü + (Xv)

′v̇ + Xvv̈

= (Xuuu̇ + Xuvv̇)u̇ + Xuü + (Xvuu̇ + Xvvv̇)v̇ + Xvv̈

= Xuuu̇
2 + 2Xuvu̇v̇ + Xuü + Xvv̈ + Xvvv̇

2. (3)

In these expressions, the vectors Xu, Xv, Xuu, Xvv , and Xuv describe the geometry of
the surface at the point X(u, v), whereas the scalars u̇(s), v̇(s), ü(s), and v̈(s) describe
what γ looks like as it passes through the point X(u(s), v(s)).

To compute the inner products in equation (2) we require the following data. First,
the necessary derivatives:

Xu = (−f (v) sin u, f (v) cos u, 0)

Xv = (f ′(v) cos u, f ′(v) sin u, g′(v))

Xuu = (−f (v) cos u, −f (v) sin u, 0)

Xvv = (f ′′(v) cos u, f ′′(v) sin u, g′′(v))

Xuv = Xvu = (−f ′(v) sin u, f ′(v) cos u, 0);
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And now the necessary inner products:

Xu · Xu = f 2 Xv · Xv = 1 Xu · Xv = 0
Xuu · Xu = 0 Xvv · Xu = 0 Xuv · Xu = ff ′
Xuu · Xv = −ff ′ Xvv · Xv = 0 Xuv · Xv = 0.

(4)

Putting equations (2)–(4) together yields the geodesic equations for a surface of revo-
lution:

2ff ′u̇v̇ + f 2ü = 0 (5)

and

v̈ − ff ′u̇2 = 0. (6)

We also maintain the tacit assumption that γ is unit speed1, which gives

1 = f 2u̇2 + v̇2. (7)

Armed with the geodesic equations (5) and (6), and the unit speed condition (7),
we can begin our search for geodesics in earnest. The natural first question emerges:
which, if any, among the meridians and parallels are geodesics? We address this ques-
tion in the next two subsections.

Meridians Recall that on a surface of revolution parameterized as in equation (1),
a meridian is a curve γ (s) = X(u(s), v(s)) where u is constant. But u being constant
implies that both u̇ and ü are identically zero and the first geodesic equation (5) is
trivially satisfied. The second geodesic equation (6) now follows from equation (7).
We conclude that all meridians are geodesics.

Parallels On a surface of revolution, parameterized as in (1), a parallel is a curve
γ (s) = X(u(s), v(s)), where v is constant. But if v is constant, the unit speed condition
(7) implies that f u̇ = 1 and so, f �= 0 and u̇ �= 0. It follows that the two geodesic
equations (5) and (6) are equivalent and that γ is a geodesic if and only if the constant
v is such that f ′(v) = 0. That is, the only parallels that are geodesics are generated by
critical points of the radial distance function f .

Example 3.1. On S2(r), f (v) = r cos v, −π

2 < v < π

2 . Here, f ′(v) = 0 precisely
when v = 0. So, the only parallel that is a geodesic is the outer parallel, which is the
orbit of the point (r, 0).

Example 3.2. On T 2(r1, r2),

f (v) = r2 + r1

2
+ r2 − r1

2
cos v (0 ≤ v < 2π).

Here, f ′(v) = 0 precisely when v = 0 or v = π . So, the only parallels that are
geodesics are the inner and outer ones. That is, the orbits of the points (r1, 0) and
(r2, 0), respectively.

1This can always be arranged when γ is nonconstant. Throughout this article, “geodesic” will always mean
“nonconstant geodesic.”
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To identify other geodesics on surfaces of revolution, we will tease more informa-
tion out of the first geodesic equation (5). Since this equation can be written as the
exact differential

2ff ′u̇v̇ + f 2ü = d

dt
(f 2u̇) = 0,

we see that a necessary condition for a curve to be a geodesic is that its parameterizing
function u must satisfy f 2u̇ = c, for some constant c. On the other hand, let γ be
any unit speed curve on the surface of revolution that crosses a parallel at an angle
θ ∈ [−π

2 , π

2

]
. We know from vector calculus that

cos θ = |γ̇ · Xu|
‖ γ̇ ‖‖Xu‖ = |(Xuu̇ + Xvv̇) · Xu|

‖Xu‖ =
∣∣∣∣f

2u̇

f

∣∣∣∣ = |f u̇|. (8)

Multiplying both sides of equation (8) by f gives f cos θ = f 2|u̇| and so f cos θ =
|c|. We have established the following theorem.

Theorem 1 (Clairaut’s relation [5]2). Let γ be a geodesic on a surface of revolution S

parameterized as in (1). If γ (s) intersects a parallel of S, let θ be the angle between
γ and that parallel, i.e., between γ̇ and Xu, and let f be the radial distance the point
of intersection is from the axis of revolution. Along γ , we then have the constant rela-
tionship

c = f cos θ. (9)

Theorem 9 implies that for each geodesic γ on a surface of revolution, there is a
critical distance, c = f cos θ , which can be computed at any parallel that γ inter-
sects. This allows us to construct surfaces of revolution with geodesics that have
prescribed behaviors. For example, suppose γ ’s critical distance is c and that γ is
approaching a parallel P whose distance from the axis of rotation is also c. Can γ

intersect P ? The answer depends on whether or not P is a geodesic. More specifi-
cally, if γ does intersect P , then Theorem 9 implies that it must do so tangentially
(c = c cos θ =⇒ θ = 0). If it happens that P is a geodesic, then at the presumed
point of intersection of γ and P , two different geodesics would have the same tangent
vector. This is not possible since a geodesic is locally uniquely determined by a point
and a direction. In this situation, γ spirals asymptotically toward P . For this reason,
such P ’s have elsewhere been called barrier curves [4, 6]. (See Figure 4(a)). If on the
other hand, P is not a geodesic, then γ has reached its critical distance at this parallel
and then moves in the direction of increasing radial distance from the axis of rotation.
Effectively, γ “bounces off” of P ; see Figure 4(b), where the red geodesic is forever
trapped, bouncing between the two green barrier curves. (We often call the parallel
with the largest radial distance the “equator” of a surface of revolution—as noted in
Figure 4.)

Geodesics on the torus

The results of the previous section establish that all the meridians on a surface of rev-
olution are geodesics. But for parallels the story is quite different. If f is the function
that records the radial distance from a point on the surface of revolution to the axis
of revolution, then only those parallels which are orbits of local extrema of f are

2Named after the French mathematician and geophysicist Alexis Claude Clairaut (1713–1765) who helped to
establish the Newtonian claim that the earth was not a perfect sphere. Pressley [8, p. 185] explains Theorem 1 as
an expression of the conservation of angular momentum about the axis of revolution when a particle slides along
a geodesic under no forces other than those that keep it on the surface. See also Oprea [7, pp. 223–224].
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Figure 4 Barrier curves

geodesics. For the torus, this means that the only parallels which are geodesics are the
inner and outer ones. To find other geodesics on the torus, the following theorem is
fundamental.

Theorem 2. Except for the inner parallel, every geodesic on the torus must intersect
the outer parallel.

Proof. All meridians intersect the outer parallel at right angles. We therefore assume
that a geodesic γ intersects the parallels of T 2 with a radial distance function f and
an angular function θ �= π

2 . Now follow γ in the direction of increasing f —which is
monotonically increasing and bounded above by r2. We need only show that γ cannot
asymptotically approach the outer parallel. If that were to happen, we would have
limf →r2 θ = 0. But, by equation (9), f and θ increase together. So, γ must intersect
the outer parallel. �

Proceeding to the classification of the geodesics on T 2(r1, r2), we first define the
critical angle of the torus:

θC = cos−1

(
r1

r2

)
.

We can now classify the geodesics on the torus according to the relationship between
the geodesic’s crossing angle and the critical angle of the torus. We do this in the
following subsections, where we also note the long-term behavior of the geodesics.

Classification of geodesics on the Torus Let T 2(r1, r2) be a torus with inner and
outer radii, r1 and r2, respectively. All meridians are geodesics and of the parallels,
only the inner and outer parallel are geodesics. If γ a geodesic which crosses the outer
parallel at an angle, θγ ∈ (0, π

2 ), we are reduced to the following three cases treated in
the following subsections.

Case 1. 0 < θγ < θC Since cosine is a decreasing function, cos θγ > cos θC = r1
r2

and so r2 cos θγ > r1. But since r2 is the distance where γ crosses the outer parallel,
Theorem 1 implies that γ ’s critical distance c is greater than r1. (See Figure 5.)

Case 2. θγ = θC This case leads to cos θγ = cos θC = r1
r2

. Theorem 1 implies that

c = r2 cos θγ = r2
r1

r2
= r1.
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Figure 5 Case 1 geodesic oscillating between two barrier curves

So, c = r1 and since the inner parallel is a geodesic, γ spirals asymptotically toward
it. (See Figure 6.)

Figure 6 Case 2 geodesic asymptotically approaching the inner parallel

Case 3. θC < θγ < π

2 This case leads to cos θγ < cos θC . Theorem 1 implies that

c = r2 cos θγ < r2 cos θc = r1.

So, c < r1, and γ can never realize its critical distance by either intersection or asymp-
totic approach. (See Figure 7.)

Figure 7 Case 3 geodesic with no barrier curve

Afterword and looking ahead

Except for the meridians and the inner and outer parallels of a torus T 2(r1, r2), each
geodesic γ must intersect the equator of the torus at the geodesics’s crossing angle
0 < θγ < π

2 , and γ ’s eventual behavior is determined by the relationship between θγ

and the critical angle of the torus defined by θC = cos−1(
r1
r2

). We are left with the three
cases of the previous section. We will examine Case 1 and Case 3 more closely.
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In Case 1 (θγ < θC), the geodesic does not have enough “energy” (see Jantzen
[6]) to encircle the outer parallel, but oscillates back and forth across the equator and
between its barrier curves as it encircles the z-axis. In Case 3 (θγ > θC), the geodesic’s
crossing angle is steep enough, and so its energy sufficient, that it can repeatedly encir-
cle the outer parallel as it winds around the z-axis. In some instances, these geodesics
may be closed. That is, there is an s0 ∈ R such that γ (s0 + s) = γ (s), for all values
of s. Here, such a closed geodesic winds p times around the z-axis while making q-
oscillations (2q crossings) across the equatorial geodesic, before returning to its “start-
ing point,” which we take to be an arbitrary point where γ intersects the equator. In
this way, closed geodesics on the torus are indexed by pairs of coprime integers p and
q. We call the ordered pair (p, q) the index of the closed geodesic.

In a follow-up note, and again using elementary means, we determine the permissi-
ble index of a geodesic on T 2(r1, r2), by examining allowable quotients p/q in terms
of the tori’s defining parameters r1 and r2 (see Alexander [1]). Here, another angle
takes center stage—the return angle of a closed geodesic. More specifically, and to
illustrate, let γ be a closed Case 1 geodesic, which intersects the equator at two points
p1 and p2. The return angle of γ is denoted by γr and is defined as the central angle
subtended by the rays defined by the origin and the points p1 and p2; see Figure 8,
where a portion of a Case 1 geodesic is depicted in red.

Figure 8 The return angle γr

We find, in particular, that T 2(r1, r2) has a closed Case 1 geodesic γ of index (p, q)

precisely when the quotient p

q
is bounded below (and related to γ ’s return angle γr ) as

follows: √
r2 − r1

2r2
<

p

q
= γr

π
.

Remark. The details of this section are beyond the scope of this paper and will appear
elsewhere.
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OZ ≤ OX + XY + YZ ≤ 3(a + b + c)

⇐⇒ √
3(a + b + c) ≤ 3

√
a2 + b2 + c2 ≤ 3(a + b + c)

⇐⇒ a + b + c

3
≤

√
a2 + b2 + c2

3
≤ a + b + c√

3
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2146. Proposed by Kenneth Fogarty, Bronx Community College (emeritus), Bronx, NY.

Let a and d be integers with d > 0. We say that (a, d) is good if there is an arithmetic
sequence with initial term a and difference d that can be split into two sequences of
consecutive terms with the same sum. In other words, there exist integers k and n with
0 < k < n such that

k−1∑
i=0

(a + di) =
n−1∑
i=k

(a + di) .

If there is no such arithmetic sequence, we say that (a, d) is bad.

(a) Show that if 2a > d, then (a, d) is good.
(b) Show that if 2a = d, then (a, d) is bad.
(c) Show that if a = 0 (and hence 2a < d), then (a, d) is good.
(d) Show that if 2a < d and a �= 0, then there is a d such that (a, d) is good and a d

such that (a, d) is bad.

2147. Proposed by Lokman Gökçe, Istanbul, Turkey.

Evaluate
∞∏

n=2

n4 + 4

n4 − 1
.
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2148. Proposed by Tran Quang Hung, Hanoi, Vietnam.

Let P be an interior point of triangle ABC. Denote by δa , δb, and δc the distances from
midpoints of segments PA, PB, and PC to the lines BC, CA, and AB. Prove that

PA + PB + PC ≥ δa + δb + δc.

Show that equality holds if and only if triangle ABC is equilateral and P is its center.

2149. Proposed by Ioan Băetu, Botoşani, Romania.

Let a1, a2, . . . be a sequence of integers greater than 1. The series

∞∑
k=0

(−1)k∏k

i=1 ai

= 1 − 1

a1
+ 1

a1a2
− 1

a1a2a3
+ · · ·

converges by the alternating series test.

(a) If the sequence a1, a2, . . . is unbounded, show that the sum of the series is irrational.
(b) Give an example of a bounded sequence of ai’s such that the sum of the series is

irrational.

2150. Proposed by Matthew McMullen, Otterbein University, Westerville, OH.

Find the maximum area of a triangle whose vertices lie on the cardioid r = 1 + cos θ .

Quickies

1121. Proposed by Salem Malikic, Bethesda, MD.

For integers n ≥ 0, let an and bn be the unique real numbers such that

an + bni = (2 + i)n .

Evaluate
∞∑

n=0

anbn

2n
(
a2

n + b2
n

) .
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1122. Proposed by the Columbus State University Problem Solving Group, Columbus
State University, Columbus, GA.

Show that there are infinitely many nonsimilar triangles having integer side lengths
such that the angle measures are in arithmetic progression.

Solutions

Evaluate the definite integral June 2021

2121. Proposed by Seán M. Stewart, Bomaderry, Australia.

Evaluate ∫ 1
2

0

arctan x

x2 − x − 1
dx.

Solution by Lixing Han, University of Michigan-Flint, Flint, MI and Xinjia Tang,
Changzhou University, Changzhou, China.
Using the substitution

x =
1
2 − t

1 + 1
2 t

= 1 − 2t

2 + t
,

we obtain

∫ 1
2

0

arctan x

x2 − x − 1
dx =

∫ 0

1
2

arctan
( 1

2 −t

1+ 1
2 t

)
(

1−2t

2+t

)2 − 1−2t

2+t
− 1

· −5

(2 + t)2 dt

=
∫ 1

2

0

arctan
(

1
2

)− arctan t

t2 − t − 1
dt

=
∫ 1

2

0

arctan
(

1
2

)
t2 − t − 1

dt −
∫ 1

2

0

arctan t

t2 − t − 1
dt.

Thus, we have∫ 1
2

0

arctan x

x2 − x − 1
dx = 1

2
arctan

(
1

2

)∫ 1
2

0

dt

t2 − t − 1

= 1

2
arctan

(
1

2

)
1√
5

ln

(∣∣∣∣∣2t − √
5 − 1

2t + √
5 − 1

∣∣∣∣∣
)∣∣∣∣

1/2

0

= − 1

2
√

5
arctan

(
1

2

)
ln

(√
5 + 1√
5 − 1

)

= − 1√
5

arctan

(
1

2

)
ln

(√
5 + 1

2

)
.

Also solved by Brian Bradie, Hongwei Chen, Herevé Grandmontagne (France), Eugene A. Her-
man, Omran Kouba (Syria), Kee-Wai Lau (China), Albert Natian, Moobinool Omarjee (France),
Didier Pichon (France), Albert Stadler (Switzerland), Fejéntaláltuka Szöged (Hungary), and the
proposer. There were four incomplete or incorrect solutions.
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Find the maximum gcd June 2021

2122. Proposed by Ahmad Sabihi, Isfahan, Iran.

Let

G(m, k) = max{gcd((n + 1)m + k, nm + k)|n ∈ N}.
Compute G(2, k) and G(3, k).

Solution by Michael Reid, University of Central Florida, Orlando, FL.
We show that for k ∈ Z, G(2, k) = |4k + 1|, and

G(3, k) =
{

27k2 + 1 if k is even,(
27k2 + 1

)
/4 if k is odd.

The polynomial identity

(2n + 3)(n2 + k) − (2n − 1)((n + 1)2 + k) = 4k + 1

shows that

gcd((n + 1)2 + k, n2 + k) divides 4k + 1,

and thus is at most |4k + 1|. Hence, G(2, k) ≤ |4k + 1|.
Suppose k > 0, and let n = 2k ∈ N. We have

n2 + k = k(4k + 1) and (n + 1)2 + k = (k + 1)(4k + 1),

both of which are divisible by 4k + 1. Thus

gcd((n + 1)2 + k, n2 + k) = 4k + 1 = |4k + 1|,
so G(2, k) = |4k + 1| in this case.

For k = 0, we have gcd((n + 1)2, n2) = 1 for all n ∈ N, so G(2, 0) = 1 = |4k + 1|
in this case.

Suppose k < 0, and consider n = −(2k + 1) ∈ N. Then

n2 + k = (k + 1)(4k + 1) and (n + 1)2 + k = k(4k + 1)

are each divisible by 4k + 1. Thus

gcd((n + 1)2 + k, n2 + k) = |4k + 1|,
so G(2, k) = |4k + 1| in this case as well.

Now we consider G(3, k). The polynomial identity

(6n2 − 9nk − 3n + 9k + 1)((n + 1)3 + k)

− (6n2 − 9nk + 15n − 18k + 10)(n3 + k) = 27k2 + 1

shows that

gcd((n + 1)3 + k, n3 + k) divides 27k2 + 1. (1)
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For all n, (n + 1)3 + k and n3 + k have opposite parity, so their greatest common divi-
sor is odd. If k is odd, then 27k2 + 1 = 4

(
(27k2 + 1)/4

)
is a product of two integers.

Since the greatest common divisor is odd, and divides this product,

gcd((n + 1)3 + k, n3 + k) divides
27k2 + 1

4
. (2)

For k = 0, we have gcd((n + 1)3, n3) = 1 for all n, so G(3, 0) = 27k2 + 1 = 1.
For nonzero k, take n = 3k(9k − 1)/2, which is a positive integer. We calculate

n3 + k = (27k2 + 1)

(
(729k3 − 243k2 + 8)k

8

)

and

(n + 1)3 + k = (27k2 + 1)

(
729k4 − 243k3 + 162k2 − 28k + 8

8

)
.

If k is even, each factor above is an integer, which shows that

27k2 + 1 divides gcd((n + 1)3 + k, n3 + k).

With (1), we have

gcd((n + 1)3 + k, n3 + k) = 27k2 + 1,

so G(3, k) = 27k2 + 1 when k is even.
If k is odd, rewrite the above factorizations as

n3 + k =
(

27k2 + 1

4

)(
(729k3 − 243k2 + 8)k

2

)

and

(n + 1)3 + k =
(

27k2 + 1

4

)(
729k4 − 243k3 + 162k2 − 28k + 8

2

)
,

again, all factors being integers. Therefore

27k2 + 1

4
divides gcd((n + 1)3 + k, n3 + k).

With (2), we conclude that

gcd((n + 1)3 + k, n3 + k) = 27k2 + 1

4
,

so G(3, k) = (27k2 + 1)/4 when k is odd.

Also solved by Hongwei Chen, Eagle Problem Solvers (Georgia Southern University), Dmitry
Fleischman, George Washington University Math Problem Solving Group, Eugene A. Her-
man, Walther Janous (Austria), Didier Pinchon (France), Albert Stadler (Switzerland), Enrique
Treviño, and the proposer. There were two incomplete or incorrect solutions.
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Find the expected winnings June 2021

2123. Proposed by Albert Natian, Los Angeles Valley College, Valley Glen, CA.

An urn contains n balls. Each ball is labeled with exactly one number from the set

{a1, a2, . . . , an} , a1 > a2 > · · · > an

(so no two balls have the same number). Balls are randomly selected from the urn
and discarded. At each turn, if the number on the ball drawn was the largest num-
ber remaining in the urn, you win the dollar amount of that ball. Otherwise, you win
nothing. Find the expected value of your total winnings after n draws.

Solution by Enrique Treviño, Lake Forest College, Lake Forest, IL.
Let X be the random variable described. Then X = ai1 + ai2 + · · · + aij with 1 = i1 <

i2 < · · · < ij ≤ n. Therefore, the expected value will be

E[X] =
n∑

k=1

ckak,

where ck is the probability that the summand ak appears in X. For ak to appear, the ball
labeled ak must be drawn after those labeled a1, a2, . . . , ak−1, but this only happens if
the permutation of {a1, . . . , ak} ends in ak. This occurs with probability 1/k. Therefore

E[X] = a1 + 1

2
a2 + 1

3
a3 + · · · + 1

n
an.

Also solved by Robert A. Agnew, Alan E. Berger, Brian Bradie, Elton Bojaxhiu (Germany)
& Enkel Hysnelaj (Australia), Paul Budney, Michael P. Cohen, Eagle Problem Solvers (Geor-
gia Southern University), John Fitch, Dmitry Fleischman, Fresno State Journal Problem Solving
Group, GWstat Problem Solving Group, George Washington University Problems Group, Victoria
Gudkova (student) (Russia), Stephen Herschkorn, Shing Hin Jimmy Pa (Canada), David Huck-
aby, Walther Janous (Austria), Omran Kouba (Syria), Ken Levasseur, Reiner Martin (Germany),
Kelly D. McLenithan, José Nieto (Venezuela), Didier Pinchon (France), Michael Reid, Edward
Schmeichel, Albert Stadler (Switzerland), Fejéntaláltuka Szöged, and the proposer. There were
two incomplete or incorrect solutions.

A sum over the partitions of n June 2021

2124. Proposed by Mircea Merca, University of Craiova, Craiova, Romania.

For a positive integer n, prove that

∑
λ1+λ2+···+λk=n
λ1�λ2�···�λk>0

(−1)n−λ1

(
λ1
λ2

)(
λ2
λ3

) · · · (λk

0

)
1λ12λ2 · · · kλk

= 1

n!
,

where the sum runs over all the partitions of n.

Solution by José Heber Nieto, Universidad del Zulia, Maracaibo, Venezuela.
Put s1 = λ1 − λ2, s2 = λ2 − λ3,. . . , sk−1 = λk−1 − λk, sk = λk. Clearly, we have si ≥
0, s1 + s2 + · · · + sk = λ1, and s1 + 2s2 + 3s3 + · · · + ksk = n. Moreover, for fixed
λ1, if we vary k and λ2, λ3,. . . , λk satisfying the conditions λ1 ≥ λ2 ≥ · · · ≥ λk > 0
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and λ1 + λ2 + · · · + λk = n, we obtain all the sequences of si’s satisfying si ≥ 0,
s1 + s2 + · · · + sk = λ1 and s1 + 2s2 + 3s3 + · · · + ksk = n.

Now (
λ1
λ2

)(
λ2
λ3

) · · · (λk

0

)
1λ12λ2 · · · kλk

= λ1!

s1!s2! · · · sk!(1!)s1(2!)s2 · · · (k!)sk
.

We note that

n!

s1!s2! · · · sk!(1!)s1(2!)s2 · · · (k!)sk

is the number of partitions of the set {1, 2, . . . , n} into si blocks of size i, for i =
1, 2, . . . , k. For fixed λ1, if we sum these expressions for all values of the si’s and
k such that si ≥ 0, s1 + s2 + · · · + sk = λ1 and s1 + 2s2 + 3s3 + · · · + ksk = n, we
obtain the number of partitions of the set {1, 2, . . . , n} into λ1 blocks, that is the Stirling
number of second kind

{
n

λ1

}
. Therefore

∑
λ1+λ2+···+λk=n
λ1≥λ2≥···≥λk>0

(−1)n−λ1

(
λ1
λ2

)(
λ2
λ3

) · · · (λk

0

)
1λ12λ2 · · · kλk

= 1

n!

n∑
λ1=1

(−1)n−λ1λ1!

{
n

λ1

}
. (1)

It is well known that
n∑

λ1=1

{
n

λ1

}
x(x − 1)(x − 2) · · · (x − λ1 + 1) = xn.

Substituting −x for x we obtain

n∑
λ1=1

(−1)n−λ1

{
n

λ1

}
x(x + 1)(x + 2) · · · (x + λ1 − 1) = xn.

For x = 1, we have

n∑
λ1=1

(−1)n−λ1

{
n

λ1

}
λ1! = 1,

hence the right-hand side of (1) is 1/n! and we are done.

Also solved by Albert Stadler (Switzerland) and the proposer.

A graph involving a partition of 100 into ten parts June 2021

2125. Proposed by Freddy Barrera, Colombia Aprendiendo, and Bernardo Recamán,
Universidad Sergio Arboleda, Bogotá, Colombia.

Given a collection of positive integers, not necessarily distinct, a graph is formed as
follows. The vertices are these integers and two vertices are connected if and only if
they have a common divisor greater than 1. Find an assignment of ten positive integers
totaling 100 that results in the graph shown below.
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Solution by Eagle Problem Solvers, Georgia Southern University, Statesboro, GA and
Savannah, GA.
With the labeling above,

(a, b, c, d, e, f, g, h, i, j) = (1, 1, 7, 9, 10, 11, 11, 14, 15, 21)

is a solution. Note that each of e, h, i, and j must have at least two prime divi-
sors, since each is adjacent to two vertices that are not adjacent to each other. The
simplest option is e = pq, h = qr, i = rs, and j = ps with p, q, r , and s prime.
Assuming {p, q, r, s} = {2, 3, 5, 7}, the vertices e, h, i, and j must consist of two
of the three pairs (6, 35), (10, 21), and (14, 15). The possibility with the small-
est sum is {e, h, i, j} = {10, 14, 15, 21}. If we take a = b = 1 and f = g = 11,
this forces c + d = 16. Assuming that c and d are powers of distinct primes from
{2, 3, 5, 7}, we must have (c, d) = (7, 9) or (c, d) = (9, 7). The former forces
(e, h, i, j) = (10, 14, 15, 21), which yields the solution above. The latter gives a
solution with (e, h, i, j) = (10, 15, 14, 21).

A more detailed analysis shows that, in fact, these are the only solutions.

Also solved by Brian D. Beasley, Elton Bojaxhiu (Germany) & Enkel Hysnelaj (Australia),
Dmitry Fleischman, George Washington University Problems Group, Kelly D. McLenithan &
Stephen C. Mortenson, Lane Nielsen, José Heber Nieto (Venezuela), Didier Pinchon (France),
Randy K. Schwartz, Albert Stadler (Switzerland), and the proposers.

Answers

Solutions to the Quickies from page 243.

A1121. More generally, we will evaluate

∞∑
n=0

anbn

cn
(
a2

n + b2
n

) ,
where an, bn, c, α, and β are real, |c| > 1, and

an + bni = (α + βi)n.

Note that

a2
n + b2

n = (an + bni)(an − bni) = (α + βi)n(α − βi)n = (α2 + β2)n,

and

anbn = 1

2
Im((an + bni)

2) = 1

2
Im
(
(α + βi)2n

)
.
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Since ∣∣∣∣ (α + βi)2

c(α2 + β2)

∣∣∣∣ = 1

|c| < 1,

we have

∞∑
n=0

anbn

cn
(
a2

n + b2
n

) = 1

2
Im

( ∞∑
n=0

(
(α + βi)2

c(α2 + β2)

)n
)

= 1

2
Im

⎛
⎝ 1

1 − (α+βi)2

c(α2+β2)

⎞
⎠ (geometric series)

= 1

2
Im

(
c(α2 + β2)

c(α2 + β2) − (α2 − β2) − 2αβi

)

= 1

2

(
c(α2 + β2)2αβ(

c(α2 + β2) − (α2 − β2)
)2 + 4α2β2

)

= c(α2 + β2)αβ

c2(α2 + β2)2 − 2c(α2 + β2)(α2 − β2) + (α2 + β2)2

= cαβ

c2(α2 + β2) − 2c(α2 − β2) + (α2 + β2)

= cαβ

(c − 1)2α2 + (c + 1)2β2

For the original problem, (α, β, c) = (2, 1, 2) and the series sums to 4/13.

A1122. Since the angle sum of a triangle is 180◦, the middle angle must have measure
60◦. By the law of cosines, we have

a2 + b2 − ab = c2.

Dividing by c2, we have

x2 − xy + y2 = 1

with x, y ∈ Q. The point (1, 0) is clearly on this curve. The equation of a line with
slope m passing through the point is y = mx + 1. We know that this line meets the
conic section above in (1, 0) and find that the other point of intersection is

(x, y) =
(

1 − 2m

1 − m + m2
,

1 − m2

1 − m + m2

)
.

Taking relatively prime positive integers p and q with 2p < q, letting m = p/q, and
clearing denominators gives

a = q(q − 2p), b = q2 − p2, c = p2 − pq + q2

as solutions.
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selected for this section to call attention to interesting mathematical exposition that occurs out-
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Popko, Edward S., and Christopher J. Kitrick, Divided Spheres: Geodesics & the Orderly Sub-
division of the Sphere, 2nd ed., CRC Press, 2021; xxx + 454 pp, $120, $102(E). ISBN 978-0-
367-68003-9, 978-1-00313411-4

This is a fascinating and beautiful book on a narrow topic (spherical geometry) of widespread
appeal and application. Naturally, the book harks back to R. Buckminster Fuller’s geodesic
domes and the 31 great circles of a spherical icosahedron; the main author is an architect. But
spherical design occurs also in pollen grains, viruses, maps, fish pens, and implementations
of puzzles similar to Rubik’s Cube. It turns out that it is not easy to distribute points evenly
on a sphere! Applications include locations of cellphone towers, orbits of satellites, golf balls
(there is a whole chapter on them), and pharmaceuticals. The book develops six schemas for
subdividing a sphere and offers comparisons for different purposes. Other chapters present basic
spherical geometry and grids on spheres. Appendices treat at length stereographic projection,
coordinate rotations via matrices, and geodesic math. Almost every page contains a figure or
illustration, many of them in color.

Brooks, Michael, The Art of More: How Mathematics Created Civilization, Pantheon, 2021;
vii + 321 pp, $28. ISBN 978-1-5247-4899-9.

The title is uninspiring, but the subtitle is arresting! Some will scoff at the latter, as well as at
author Brooks’s assertion that “our skill with numbers is the greatest human achievement of all.”
Nevertheless, Brooks makes cases for many branches of mathematics: arithmetic (bookkeeping
and accounting as a key to government, finance, and trade); geometry (navigation, cartography,
architecture, perspective drawing); algebra (gunnery, particle physics, the PageRank algorithm);
calculus (optimization, engineering, aviation, models for diseases); logarithms (calculation,
exponential growth); imaginary numbers (AC circuits, quantum theory); statistics (separating
out causes, quantifying uncertainty, streaming videos and music); and information theory (error
correction in communications, encryption, 5G phone signals). Even a reader who is not con-
vinced of the claim of the subtitle will agree with Brooks’s conclusion that mathematics is a
“many-splendored thing.”

Rosenthal, Daniel, and Jeffrey S. Rosenthal, Optimal strategies and the game of Horse, Notices
of the American Mathematical Society (to appear June/July 2022), https://arxiv.org/abs/2201.06
560.

In the game of Horse, two players alternate taking basketball shots, each trying a shot attempted
by the other. The authors point out that traditional rules give a further advantage to the better
player, if that player plays first and attempts an easy shot. The authors suggest a slight change
in the rules that should result in attempting more-difficult shots.

Bollman, Mark, Mathematics of the Big Four Casino Table Games: Blackjack, Baccarat, Craps,
& Roulette, CRC Press, 2022; xi 352 pp, $89.95, $34.95(P), $29.70(E). ISBN 978-0-367-
742294, 978-0-367-74090-0, 978-1-00315668-0.

After a brief introduction to elementary probability, this book explores many more variations
on the “big four” than I could have imagined to exist, plus numerous side bets. Examples and
exercises abound throughout.

Math. Mag. 95 (2022) 251–252. doi:10.1080/0025570X.2022.2057109 c© Mathematical Association of America
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Kalajdzievski, Sasho, Math and Art, 2nd ed., CRC Press, 2022; xii + 386 pp, $170, $69.95(P),
$59.45(E). ISBN 978-0-367-07613-9, 978-0-367-07611-5, 978-0-429-02160-2.

There are many books about mathematics and art; this one distinguishes itself as an “unortho-
dox geometry textbook,” with exercises and fun art projects. The book is based on 20 years of
offering a course to more than 10,000 students. It stops short of covering some of the mathemat-
ics (groups are mentioned but not defined), though one theorem (classification of similarities)
is proved in an appendix. Topics are Euclidean geometry, transformations of the plane, simi-
larities and fractals, hyperbolic geometry, perspective, three-dimensional objects, and topology.
The book averages two figures per page, with many utterly beautiful in color. You might be
surprised at the sophisticated mathematical content of some crop circles (no doubt made by
aliens!), and amazed by some of the illustrations of artworks.

Chartier, Tim, X-Games in Mathematics: Sports Training that Counts!, World Scientific, 2021;
xviii + 234 pp, $78, $38(P), $30(E). ISBN 978-981-122-383-9 978-981-122-487-4, 978-981-
122-385-3.

Sports analytics is the rage among fans, players, coaches, and managers. Author Chartier sur-
veys instances of use of analytics in various sports, with a light touch. He uses the occasions
to bring up various topics in mathematics itself, such as puzzles, the birthday paradox, math
mosaics, and cryptology. There are lots of interesting sports tidbits. However, there is actually
more mathematics in the book than sports analytics; but don’t let prospective readers know!

Poirrer, Laurent, Wordle-solving state of the art: All optimality results so far, https://www.poirri
er.ca/notes/wordle-optimal/.

Wordle is a game in which you try to guess a five-letter “English” word, using feedback hints
(the dictionaries of target words and possible guesses can vary, hence the quotation marks). In
spirit, it resembles the older puzzle Mastermind. Author Poirrer summarizes, for the standard
dictionaries, what is known about the minimal number of guesses. Other authors have suggested
optimal starting guesses (e.g., “stern” or “tares”) and particular strategies that can vary with the
dictionaries used.

Broad, William J., The Texas oil heir who took on math’s impossible dare, New York Times (1
February 2022) D1. https://www.nytimes.com/2022/01/31/science/james-vaughn-fermat-theor
em.html.

This article details the role of James M. Vaughn, Jr., in bankrolling efforts to prove Fermat’s Last
Theorem. That successful campaign raises the question: Would the million dollars offered by the
Clay Mathematics Institute for solving one of its Millennium Prize Problems be more likely to
promote success if it were invested beforehand—funding researchers and conferences—instead
of rewarding the final winner?

Roberts, Siobhan, The godmother of the digital image, New York Times Magazine (14 Septem-
ber 2021), https://www.nytimes.com/2021/09/14/magazine/ingrid-daubechies.html.

This article is a tribute to Ingrid Daubechies, a pioneer of wavelets. It recounts her history
and her recent involvement in the conservation of the Ghent Altarpiece panels. It characterizes
her major contribution as finding a way to make wavelets practical and easy to implement
on a computer, but it also explores her insecurities and chronic depression (which she openly
discusses).

Nolan, Deborah, and Sara Stoudt, Communicating with Data: The Art of Writing for Data
Science, Oxford University Press, 2021; ix + 331 pp, $45.95(P). ISBN 978-0-19-886275-8.

College departments of mathematics and computer science have been feverishly developing
tracks in data science. This book about technical writing is particularly suitable (and necessary)
for students in data science, or in any mathematical science. It begins with chapters on how
to read technical articles, science news stories, and press releases (“examine the argument”);
continues with chapters on how to describe and present data and code; advises how to get
started writing (“who is the audience?”); and emphasizes the importance of editing and revising.
A concluding chapter offers 22 imaginative exercises.

https://www.poirrier.ca/notes/wordle-optimal/
https://www.poirrier.ca/notes/wordle-optimal/
https://www.nytimes.com/2022/01/31/science/james-vaughn-fermat-theorem.html
https://www.nytimes.com/2022/01/31/science/james-vaughn-fermat-theorem.html
https://www.nytimes.com/2021/09/14/magazine/ingrid-daubechies.html
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